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ABSTRACT. Landing methods have recently emerged in Riemannian matrix optimization as
efficient schemes for handling nonlinear equality constraints without resorting to costly retrac-
tions. These methods decompose the search direction into tangent and normal components,
enabling asymptotic feasibility while maintaining inexpensive updates. In this work, we pro-
vide a unifying geometric framework that reveals the landing algorithm to encompass several
classical optimization methods, under suitable choices of Riemannian metric, such as projected
and null-space gradient flows, Sequential Quadratic Programming (SQP), and a certain form
of the Augmented Lagrangian method. In particular, we show that a quadratically convergent
landing method essentially reproduces the quadratically convergent SQP method. These con-
nections also allow us to propose a globally convergent method using adaptive step sizes. The
backtracking linesearch satisfies an Armijo condition on a merit function, and does not require
a priori knowledge of Lipschitz constants.

Our second key contribution is to analyze landing methods through a geometric parameter-
ization of the metric in terms of fields of oblique projectors and associated metric restrictions.
This viewpoint disentangles the roles of orthogonality, tangent, and normal metrics, and elu-
cidates how to design the metric so as to obtain explicit tangent and normal updates. For
matrix optimization, this framework not only recovers recent constructions in the literature for
problems with orthogonality constraints, but also provides systematic guidelines for designing
new metrics that admit closed-form search directions.
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1. INTRODUCTION

The optimization of functions subject to nonlinear constraints is a central problem across
engineering, scientific computing, and machine learning. In recent years, the concept of landing
methods has emerged in the Riemannian matrix optimization community after the works of
Ablin and Peyré (2022) and Gao et al. (2022). The essential idea of the landing algorithm is to
decompose the search direction

(1.1) d=dr+dn

into a tangent component dr, which is responsible for decreasing the objective function without
worsening the constraint violation, and a normal component dy, whose role is to progressively
drive iterates toward the constraint manifold by reducing infeasibility.

In the context of matrix optimization, this approach enables one to enforce orthogonality
constraints asymptotically, thus avoiding the computationally expensive retraction operations—
i.e., nonlinear projections onto the feasible set—required by standard feasible Riemannian al-
gorithms (Absil et al., 2008; Absil and Malick, 2012). Since evaluating the normal term dy
is typically computationally cheaper than computing retractions, the method is appealing and
makes geometric optimization potentially viable for large-scale problems, such as imposing the
orthogonality of weight matrices during the training of Large Language Models (LLMs) or other
resource-intensive machine learning tasks (Hu et al., 2025).

Consider an equality-constrained optimization problem of the form
min T
ze€ f( )

st. c(x) =0,

(P)

where f : £ - Randc : £ — F are continuously differentiable—possibly nonconvex—mappings
between finite-dimensional vector spaces £ and F with dim(F) < dim(€). In its most general
formulation, the landing algorithm can be written as

(1.2) Tp+1 = Tk + og(dr(xg) + dy(xg)),
where o, > 0 is an adaptive step size, and

(13) dr(z) = —grady, f(z),

(1.4) dy(a) = =Vg(z) with P(x) = ||c(z)]%/2.

The tangent and normal directions dr(x) and dy(x) correspond respectively to the Riemannian
constrained gradient of f on the level curve

(1.5) Mg ={ye&: cly) =c(x)},

and the unconstrained Riemannian gradient of the infeasibility measure () := |c(z)||%/2. The

role of the tangent term is to decrease the objective function f without increasing the violation

of the constraints, while the purpose of the normal term is to ‘land’ the iterates x; back toward

feasibility by descending along the constraint violation c¢(x). Importantly, these gradients are

computed with respect to a (user-defined) metric field g that endows £ with a Riemannian
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structure. When & = R™ and F = R™ are equipped with the standard Euclidean inner product,
one obtains dy(z) = —Ve(z) e(x) and

(1.6) dr(z) = (I, — Ve(z) T (Ve(x)Ve(z) ") Ve(z)) V f (),
the orthogonal projection of V f(x) onto the tangent space of M,.

The first contribution of this paper is to show that, under suitable choices of the metric
field g, the landing method (1.2) is equivalent to existing algorithms that have emerged under
different names in other areas of optimization, such as the Corrective Gradient Projection method
(Frost, 1972; Gangi and Byun, 1976), projected gradient flows (Tanabe, 1980; Yamashita, 1980;
Schropp and Singer, 2000), and null-space gradient flows (Feppon et al., 2020a; Feppon, 2024).
A more detailed account of the historical development of methods exploiting the decomposition
of the search direction into tangent and normal components is given below. In fact, we show
in section 4.2 that the scheme (1.2) includes, as particular cases, the Sequential Quadratic
Programming (SQP) algorithm (Boggs and Tolle, 1995) in its basic form (without trust regions),
as well as an Augmented Lagrangian method (Tapia, 1977) with a particular update rule for the
multipliers. Although the introduction of landing methods for matrix optimization can thus be
viewed as a resurgence of older classical methods, the questions of how to choose the metric g
and how to derive global convergence guarantees for the iterative scheme (1.2), rather than for
its interpretation as the discretization of an Ordinary Differential Equation (ODE), are relatively
recent and open new perspectives on existing algorithms.

Building on these connections, we propose an adaptive procedure for selecting the step size
ar, based on an Armijo condition for the decrease of a merit function, that guarantees global
convergence of the algorithm (1.2) toward a feasible point satisfying first-order optimality con-
ditions. The procedure and its analysis rely heavily on standart techniques for the globalization
of SQP (Nocedal and Wright, 2006; Curtis et al., 2024). Prior works proving the asymptotic
convergence of the discrete iterates assumed constant step sizes, where global convergence is
obtained for a step size smaller than some unknown constant (Schechtman et al., 2023; Zhang
et al., 2024; Song et al., 2025). The present work thus fills an important gap, since landing
schemes with constant step sizes are very sensitive to parameter tuning. Incidentally, a landing
scheme with adaptive step sizes has been recently proposed in the concurent work (Shi and
Wang, 2025), but it relies on Lipschitz constants, while our linesearch does not rely on any
problem constant.

Our second key contribution is to make explicit how (1.3) and (1.4) depend on the metric
field g, and how to design it to (i) make (1.3) quadratically convergent, or (ii), to facilitate the
computation of the tangent and normal steps (1.3) and (1.4).

Regarding the first goal, we realize that setting naturally the tangent term dr(x) to a Rie-
mannian Newton step, the landing scheme (1.2) achieves quadratic convergence for unit step
sizes only for a carefully designed normal step dy(z) such that (1.2) essentially reproduces SQP
iterates (proposition 5.6). In reference to the leitmotiv “all roads lead to Newton” proclaimed in
(Absil et al., 2009), we can thus state here that all roads lead to SQP for unfeasible constrained
optimization methods.

Addressing the second goal leads us to introduce the following viewpoint to design the metric
field g: first, associate a normal space N, M, to every tangent space T, M, of the constraint
manifold M,. Then, define the value of the restriction of the metric to the tangent and nor-
mal spaces (see (4.6)). Mathematically, this is requires specifying a family of oblique projectors
x — Proj, on the tangent space at x € M,. The corresponding tangent and normal direc-
tions dp(zy) and dy(x) can be expressed explicitly in terms of the oblique projector and these
metric restrictions (proposition 4.3). In the context of Riemannian matrix optimization with
orthogonality constraint, computing the tangent direction requires in general solving a linear
system involving the inversion of Ve(z)Ve(x) T, which translates to solving Sylvester equations.
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Through a careful selection of the projector mapping and the tangent and normal metric re-
strictions, fully explicit formulas for dp(x) and dy(x) can be obtained, thereby enabling more
efficient evaluations.

The article is organized as follows. Section 2 provides a detailed account of historical devel-
opments of constrained optimization methods closely related to the landing approach.

Section 3 reviews the background in differential geometry needed to introduce the notation
conventions adopted in this work.

Section 4 establishes a formal link between the landing method and earlier projected gradient
flows approaches. Such is achieved by exploiting the parameterization of the metric via a field
of oblique projectors, together with the tangent and normal metric restrictions.

Section 5 establishes new connections between the landing methods and existing algorithms.
We first show that (1.2) encompasses a version of the Augmented Lagrangian method with least-
squares multiplier update, before proving that the Sequential Quadratic Programming (SQP)
method is a particular instance of the Riemannian landing method. Then, we deepen known
connections between SQP and Riemannian Newton method, formally establishing that a locally
quadratically convergent landing method (1.2) is locally quadratically convergent essentially
reproduces quadratically convergent SQP iterates, up to a negligible correction of the search
direction.

In section 6, we establish global convergence of the Riemannian Landing Method in its most
general form (1.2), with adaptive step sizes. The framework adapts well-known ideas for the
gloablization of SQP methods based on a merit function.

Finally, section 7 presents several metric designs for optimization under orthogonality con-
straints, guided by a natural explicit choice of oblique projectors onto the tangent spaces of the
constraint manifold. We detail the steps leading to explicit formulas for the normal and tan-
gent components dr(z) and dy(x). This viewpoint clarifies why the metric fields considered in
recent publications, e.g., (Ablin and Peyré, 2022; Goyens et al., 2026), lead to explicit formulas
for dr(x) and dy(x), and it also allows us to determine how to design new metrics possessing
these properties.

2. HISTORICAL DEVELOPMENTS OF LANDING-RELATED METHODS

To the best of our knowledge, the first trace of an algorithm decomposing the search direction
as in (1.1) is the Gradient Projection Method formalized by Rosen (1960, 1961). For nonlinear
constraints, this method projects at every step the gradient of the objective function onto the
tangent constraint hyperplane—the null space of the linearized constraints—using (1.6), or onto
the tangent cone in the case of inequality constraints. A similar algorithm was independently
devised by Booker and Ong (1971) for geophysics signal processing with equality constraints.
Shortly thereafter, the convergence rate of the method, considering geodesic retractions and
equality constraints, was formally analyzed by Luenberger (1972).

However, finite steps on curved manifolds induce numerical infeasibility, which raised the
need for an explicit correction term. This led to the development of the Corrective Gradient
Projection (CGP) method (Frost, 1972; Gangi and Byun, 1976), which augments the tangent
direction with a normal component correcting deviations from the constraints. This normal
component,

(2.1) dy(z) = =Ve(z) " (Ve(z)Ve(x) ") Le(z),
acts as a ‘pseudoinverse’ or ‘Newton-like’ step for finding a zero of the constraint.

In parallel with the development of CGP, Tanabe (1974) proposed to interpret Rosen’s gra-
dient projection method as the discretization of the dynamical system & = dp(z). Later, Ya-
mashita (1980) introduced a corrected version of this projected gradient flow,

& =dr(x)+dn(z)

= —(In = V() (Ve(2)Ve(z) ') T Ve(@)) V(@) = Ve(z) ' (Ve(x)Ve(z) ) "He(z),
4
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rediscovering the pseudoinverse step of Frost (1972). This flow was later considered by Ev-
tushenko and Zhadan (1994) to develop a barrier method for linear programming. Subsequently,
Schropp and Singer (2000) proved that any bounded solution of (2.2) converges to a steady-state
equilibrium, and stable equilibria coincide with local minimizers of (P). Schropp and Singer
(2000) suggested that inequality constraints can be addressed with (2.2) through equalization
via the introduction of additional slack variables; however, this produces an exponential growth
in false equilibrium points as the number of inactive constraints increases (Jongen and Stein,
2003). To overcome this, Jongen and Stein (2004) and Shikhman and Stein (2009) proposed
variations of (2.2) (without the corrective term), yielding modified gradient flows that implicitly
incorporates the effects of slack variables.

A distinct differential-equation-based approach for problems with equality and inequality
constraints emerged in shape and topology optimization under the name null space gradient
flows or Null Space Optimizer (Feppon et al., 2020a). This method extends the projected flow
(2.2) to general constrained problems and is compatible with the infinite-dimensional setting of
shape optimization based on Hadamard’s boundary variation method (Henrot and Pierre, 2018;
Allaire et al., 2021). This compatibility is possible thanks to the central role of the metric in
converting differential into gradients and the interpretation of shape updates as retractions on
an abstract manifold. Its tangent direction is the projection of the objective gradient onto the
tangent cone of active or violated constraints, akin to the gradient projection of Rosen (1961),
here computed by solving a quadratic program. The absence of hyperparameters makes the
method particularly effective for topology and shape optimization (Feppon et al., 2020b). An
alternative construction of tangent and normal terms for equality-constrained shape optimization
was proposed in Wegert et al. (2023). A variant of the Null Space Optimizer for dealing with
constraints with sparse Jacobian matrix was later introduced in Feppon (2024). Before these
lines of work, let us mention that related gradient projection ideas had appeared in topology
optimization: Yulin and Xiaoming (2004) projected shape gradients on tangent cones, while
Barbarosie et al. (2020) proposed a method close to the Null Space Optimizer for equality
constraints, together with a heuristic active-set strategy to handle inequalities.

More recently, the landing method was introduced in Ablin and Peyré (2022); Gao et al. (2022)
for matrix optimization with orthogonality constraints without the need for retractions. This
contrasts with the so far predominant Riemannian optimization methods, such as gradient flows
or Riemannian Newton methods on the constraint manifold, which leverage intrinsic differential
geometry and retractions Absil et al. (2008); Absil and Malick (2012).

Although the landing method introduced in Ablin and Peyré (2022) turns out to be very
close in spirit with the projected gradient flow (2.2) of Yamashita (1980), there is a key differ-
ence: the normal term in (1.2) is not a pseudoinverse step, but the unconstrained gradient of
a penalty function. However, we show below that both coincide upon a suitable metric choice
(proposition 4.4).

The landing algorithm was extended to general equality constraints and stochastic settings
by Schechtman et al. (2023), who renamed it as Orthogonal Directions Constrained Gradient
Method. The authors prove optimal complexity guarantees for the discretized algorithm, namely
O(e7?) iterations to reach an e-KKT point. To our knowledge, this is the first convergence
proof for the discrete algorithm (1.2); earlier guarantees concerned the continuous system (2.2),
assuming that the chosen discretization approximate the ODE trajectories sufficiently well. This
analysis was further strengthened in Vary et al. (2024) in stochastic settings, using a smooth
merit function to prove global convergence even in the presence of non-tangent random errors.

More recently, Zhang et al. (2024) applied the landing method to accelerate low-rank adapta-
tion in fine-tuning large language models, proving convergence on the Stiefel manifold using only
a sufficiently small constant step size. Goyens et al. (2026) derived landing flows on the Stiefel
manifold for a family of metrics extending the S-metric of Hiiper et al. (2021); Mataigne et al.
(2025). Song et al. (2025) adapted the landing algorithm for distributed stochastic optimization
on the Stiefel manifold. Lately, Shi and Wang (2025) proposed an extension called Adaptive
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Directional Decomposition Methods to incorporate inequality constraints. The tangent term is
obtained by solving a quadratic program, similarly to the null-space gradient-flow strategy of
Feppon et al. (2020a) for equality and inequality constrained problems. They show global con-
vergence guarantees using an adaptive step size rule, which relies on the knowledge of Lipschitz
constants.

Links with null-space projections and SQP

The use of null-space projections to compute descent directions on the constraint manifold is
certainly universal. It is therefore not surprising that formulas analogous to (1.6) and (2.1)
have appeared in numerous alternative optimization frameworks, and even in robotics, where
null-space control is used to exploit actuation redundancy and allow robots to perform multiple
tasks simultaneously (Dietrich et al., 2015).

Most prominently, the decomposition (1.1) plays a central role in so-called null-space methods,
where it is employed to isolate the objective descent within the null space and to construct
reduced-Hessian approximations (Nocedal and Overton, 1985; Yuan, 2001; Nie, 2004; Biros and
Ghattas, 2005; Nocedal and Wright, 2006; Berahas et al., 2024). These ideas lead to expressions
directly comparable to the tangent and normal components in (2.2). Such decompositions into
null-space and range-space steps have become standard in modern SQP implementations, most
notably in the SNOPT software, where they are used both to reduce the dimension of the
quadratic programming subproblem and to exploit reduced Hessians (Gill et al., 2002; Gill and
Wong, 2012; Gill et al., 2015; Gharaei et al., 2023; Fang et al., 2024). They have also been
exploited in interior-point methods (Liu and Yuan, 2010; Nocedal et al., 2014). Finally, we note
that the least-squares multiplier A\(z) = —(Ve(x)Ve(z) )71 Ve(2)V f(z) is likewise employed in
certain variants of the Augmented Lagrangian Method (Tapia, 1977; Conn et al., 1991), making
these variants equivalent to landing-type algorithms (see proposition 5.2).

Finally, connections between SQP and differential-equation-based methods have also been
pointed out repeatedly. For instance, Schropp and Singer (2000) showed that standard SQP
schemes can be interpreted as variable step-size Euler discretizations of preconditioned ver-
sions of the flow (2.2). Precise relationships between the Riemannian Newton method and the
quadratically convergent SQP method were established in Miller and Malick (2005) and Absil
et al. (2009), and later exploited in Mishra and Sepulchre (2016) to design metric preconditioners
accelerating the convergence of feasible Riemannian optimization methods on matrix manifolds.
Recently, an analysis of the rate of convergence of the SQP algorithm with a constant qua-
dratic term was derived by Bai and Mei (2018) through the interpretation as a Riemannian
optimization method.

3. RIEMANNIAN GEOMETRY AND NOTATION CONVENTIONS

We consider the equality-constrained optimization problem (P) on the Euclidean spaces &
and F. We denote by (-, )z and (-, -)r their respective inner products, and by ||/ and
|| ||  their associated norms. The feasible set is denoted by M := {x € £: ¢(x) = 0}. In the
applicative section 7 of this paper, £ and F are thought of as matrix subspaces, but in the other
parts of this section, the reader may think of these spaces as £ ~ R™ and F ~ R" through a
proper vectorial indexing. If V C & is a subspace of £, we denote by V1€ & its orthogonal
subspace with respect to the Fuclidean metric of £.

Throughout the paper, we denote by Dec the differential of the constraint function ¢: De(x) -
& — F is the linear map such that

h
c(x+ h) = c(x) + De(z)h + o(h) with H(|)|(h|)|||f — 0 as ||h[le — 0.
&
We denote by D the set of points x € £ at which the constraints satisfy the Linear Independence
Constraint Qualification (LICQ) condition:
(3.1) D ={z € &: rank(Dc(x)) = m}.
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We recall that the set M, defined in (1.5) is a smooth manifold when it is included in D. Every
set M, is a level curve of the constraint function ¢, called a layer manifold (Goyens et al., 2024).
The tangent space of M, at x € D is the null space of the differential of the constraint:

(3.2) Ty My = ker(De(x)).

Riemannian metric and normal space

Let g be a Riemannian metric on &, that is a smooth family of inner products = — g, (-, -)
on £. With a small abuse of notation, we drop the subscript , when referring to the metric.
The metric is represented by a smoothly varying family of operators G(z) : £ — &, symmetric
positive definite with respect to the Euclidean product (-, - )¢, such that

(3.3) 9(&,¢0) = (G(2) &, Q)¢ for all £,¢ € £.
The corresponding norm is denoted by ||ully = v/g(u,w) for any u € £. We write occasionally

g% = (-, - )¢ for the Euclidean metric.

The metric g allows to define several important objects for optimization. First, it determines
the normal space N3 to the manifold M, at every z € D:

(3.4) NIMy:={ve&: g =0forall £ € T,M,}.

Throughout the paper, we denote by Proj, ,: € — T, M, the orthogonal projection operator
onto T, M, ® N3 M. This operator is the unique linear operator satisfying
(3.5) g(§,v — Proj, ,(v)) =0 for all £ € T M, and v € &,

see e.g., (Absil et al., 2008, (3.37)). In section 3, we will adopt a point of view where the tangent
projector is defined before the metric g; in that case, we will denote it simply by Proj,. The
orthogonal projector associated to the Euclidean metric ¢¢ will be occasionally denoted by II,,.

The metric enables to define gradients and adjoints, whose definitions are recalled in the next
paragraphs.

Riemannian gradients on £ and on M,

Let Df(x) : & — R denote the differential of f at x € D. Through the celebrated Riesz
representation theorem, there are several ways to identify the linear form Df(x) to a vector
playing the role of a gradient. First, for any x € D, the unconstrained Euclidean gradient of f
is the unique element denoted by V¢ f(x) € € such that

(&, Vef(x))e = Df(z)[¢] for all £ € £.

The unconstrained Riemannian gradient of f with respect to the metric g is written V,f and
is defined, for every z € D, as the unique element V,f(z) € T, D ~ £ that satisfies

(3.6) 9(Vgf(x),§) =Df(x)¢] forall { € T,D~E.

The Riemannian metric induces in turn a constrained Riemannian gradient on the manifold M.,
denoted by gradng f. Given z € D, gradg\/lz f(x) is the unique vector in Tz M, satisfying

(3.7) g(grad’, f(z).&) = Df()[], for all € € T, M,.
The unconstrained FEuclidean and Riemannian gradients are related by the identity
(3.8) Vof(z) = G(z) Ve f().

Moreover, the constrained Riemannian gradient is the orthogonal projection of the unconstrained
Riemannian gradient on the tangent space T, M..:

(3.9) gradf\/(zf(x) = Proj, ,(Vyf(z)).

Metric adjoints



Given a linear operator A : £ — F, the adjoint with respect to the metric g is defined as the
unique linear operator A9 : F — & satisfying

(3.10) (A&, y)r = g(§, A™y), forall £ €&, ye F.

We denote by A*¢ the adjoint operator with respect to the Euclidean metric, which satisfies:
(3.11) (AL y)r = (&, A%%y), forall £ €&, y e F.

The Riemannian and the Euclidean adjoint operators are related through the identity

(3.12) A9 = G(z)71A%E,

In the particular case where & = R™ and F = R™, the differential Dc(z) is represented by its
Jacobian matrix

Ve (x)T
(3.13) De(x) = : € R™ ™,
Vem(z)T

and the Euclidean adjoint of any matrix A € R™*" is given by the usual transpose A*¢ = AT,

Metric pseudoinverse and formulas for g-orthogonal projectors
An important operator in optimization algorithms is the mapping
De¢(z) De(z)*9: F — F,

which is self-adjoint with respect to the inner product on F and positive definite for x € D. The
right g-pseudoinverse of De(x) is defined as the operator

(3.14) De(z)™ := De(x)*9 (De(z) De(z)™9) ™! @ F = €,

which satisfies De(z)De(2)™9 = Idz. The g-orthogonal projectors onto T, M, and N, M, read
then respectively

(3.15) Proj, , = Idg — (De(z))™ De(x), Projig = (De¢(x))"9 De(z).

We note that that the g-normal space is N3 M, = Range(Dc(x)*9).

4. ALTERNATIVE DEFINITIONS OF THE LANDING ALGORITHM AND METRIC CONSTRUCTION
VIA NORMAL BUNDLES.

This section establishes the equivalence between the landing algorithm (1.2) and one closer
to the projected gradient flow (2.2). Before this, we observe that there is no gain of generality
in considering two possibly different metrics for the tangent and normal terms.

Lemma 4.1. Consider the landing scheme (1.2) with the tangent and ‘normal’ terms calculated
wn two different metrics g1 and gs:

(4.1) dr(z) = —grad%y_f(2),
(4.2) dn(z) = ~Vg1(x) with ¢ (z) = ||e(z)||F/2.
There exists a common metric g such that dr(z) = —gradf, f(z) and dn(x) = =Vi(z).
Proof. Consider the metric g given by
9(&, €)= g1(Proj g, €, Proj;4,0) + g2(Proji 4, €, Projz g, ).

It is clear that for any £, ¢ € To My, (&, ¢) = g1(§, ¢), which implies grady), f(z) = grad f(z).
On the other hand, V4, ¥(z) is the unique vector in € satisfying g2(Vg, ¥ (), &) = (De(2)€, c(x)) 7
forall{ € €. But forany £ € &, g(Vg,¥(2),8) = 92(Vg,¥(2), &) = (De(x)E, ¢(x)) 7. This implies

Vg ¥(z) = V(). O
8



We note that the initial paper on the landing algorithm Gao et al. (2022) considered a Rie-
mannian metric for the tangent term and the Euclidean metric for the computation of the normal
term. The previous lemma shows that the metric in the normal space can always be redefined
to infer both terms from a common metric.

The remainder of the section is structured as follows. We propose in section 4.1 a procedure
for defining the ambient metric g by first specifying the orthogonality, in other words, the normal
bundle of M, for every x € £. This enables to explicit the dependence of the the tangent and
normal terms dr(z) and dy(z) to the orthogonal projectors on T, M, and N, M, and the
restriction of the metric g to these spaces.

Then, we show the equivalence between the landing algorithm (1.2) and a variation of it, where
the normal step is replaced with a pseudoinverse or ‘Newton’-like step of the form of (2.1), as
considered in the projected gradient flow (2.2). More precisely, we show that the pseudoinverse
step dy(z) depends only on the choice of the normal space and not on the restriction of the
normal metric. Then, we prove that the normal metric can always be redefined so that the
pseudoinverse step becomes the Riemannian gradient of the penalty functional v (x) = ||c(x)|[?/2
as in (1.4).

4.1. Construction of the ambient metric g from a given normal bundle

In the definitions (1.3) and (1.4), the metric g is defined a priori, which enables to compute
the tangent and the normal terms from the formulas

(4.3) dr(x) = —Proj, 4(G(2)"' Ve f(2)),

(4.4) dy(z) = —G(z) ' De(x)*C e(z).

The first formula follows from (3.8), (3.9) and (3.12), while the second can be inferred from the
identities (3.6) and (3.10):

9(Vg(x),€) = Dy(a)[¢] = (De(z)é, c(2)) 7 = g(De(z) e(x), €) = g(G(x) ' De(x)*Ce(z),6)  VEE€E.
An issue with formulas (4.3) and (4.4), in the context of Riemannian matrix optimization, is that

closed-form expressions for that the projection mapping Proj, , or the inverse metric G(x)™!
are not necessarily available.

Alternatively, the metric g can be constructed by first considering a smooth mapping of
(oblique) linear tangent projectors
x +— Proj,,

that is, for every x € D, Proj, is a given linear mapping on £ satisfying
Proj,Proj, = Proj,, Range(Proj,) =T, M, and Proj, =1Id on T, M,.
This viewpoint is equivalent to attaching to every x € M, a ‘normal’ space characterized by
Ny M, := ker(Proj,,).
Then, consider two symmetric operator fields
Gr(z): € — €, Gn(z):E—=E,

required to be positive definite on respectively T, M, and N, M,: there exist g7, gy > 0 such
that

(& Gr(@)§)e > grllélle, V€ € TaM,

(€. Gn(@)€)e > gnlIEllz, V6 € NoM,.

The ambient metric g can finally be defined as

(46) 9(57 C) = <€7 G(:I:)C» = <Projx£7 GT(IL‘)PI'ijC>5 + <PI‘Oj:JE_€, GN(m)PrOJi_C>87

denoting by Proji := Idg — Proj, the oblique projector on Ny M,. In other words, g(£,¢) =
(&,G(x)C)s where G(z) : £ — & is the block-diagonal operator

(4.7) G(z) = Proj* Gr(z)Proj, + (Proj:)*¢ Gy (z)Projt.
9
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Then, it is clear that:

(i) Gr and Gy are representers of the restriction of the metric to the tangent space T, M,
and the normal space N, M;
(ii) T, M, and N, M, are g-orthogonal subspaces;
(iii) Proj, = Proj, , and Projj = Projig are the g-orthogonal projectors on the decomposition

We further note that Proj®¢ and (Proj)*¢ are the linear projectors associated to the decom-
position £ = Nm./\/lf’g <) Tx/\/lf’g, and that the operators

Gr := Proj>* Gy (z)Proj, t TeMy — (NaMg)=F,

(4.8) —
GN = (Proji‘)*’gGN(LE)PI'Oj:JE_ : NIMx — (TxM:l:)J_7£’

are invertible due to (4.5). Denoting by Gr(z)~! and Gy (z)~! their inverses, the inverse of
G(z) reads

(4.9) Gz) ! = Projwé;(aj)_lProj;’g + Projié}(:ﬁ)_l(Proji)*’g.

Remark 4.1. It is clear that only the restrictions of Gp and G to respectively the tangent space
T, M, and the normal space Ny M, matter in the definition of G(x); the definitions of Gp(x)
and Gy (z) as operators on the whole set € is motivated by the need to define a differentiable
metric field through (4.7).

Remark 4.2. This approach, whereby the differential structure of a manifold is specified by a
mapping of projectors, has been considered to analyze the geometric structure of certain algebraic
matriz decompositions, see Feppon and Lermusiauz (2019).

We can now express the tangent and normal steps (1.3) and (1.4) in terms of Proj,,, Gp(z) ™!
and Gy (x)~ L.

Proposition 4.2. The tangent and normal space steps of (1.3) and (1.4) can be rewritten in
terms of the projectors, the tangent and the normal metric Gr(z) and Gn(zx) as

(4.10) dr(z) = —Gr(z) 'Projtf Ve f (),
(4.11) dy(z) = —Gn(2) " 'De(z)Ce(z).
Proof. By (3.8), (3.9) and (4.9),
dr(z) = —gradf,_f(z) = —Proj,(G(z) ' Ve f())

— —Proj, (Proj,Gr(z) "' Proj;® + Proj; G (x) ™" (Proj; ) ) Ve f()

= —Projx@;r(x)*1Pr0j;’$ng(:1:) = —évT(a:)*lProj;"ngf(x).
This proves (4.10). For (4.11), we write

dy(z) = =D (z)e(z) = —G(z) D™ (z)e(z) = —G(z) " (Proji)**De" (x)e(x)
= —Gn(2) 'De(z)E c(2).
U

Remark 4.3. Although formula (4.10) suggests that dp(x) could depend on the choice of the
normal space through the projector Proj;’;’g, this is not the case. This is visible in the definition
(3.7) of the constrained Riemannian gradient. The operator C/JVT(J:)_lPrOjL’;’g depends thus solely
on the restriction of the metric g to the tangent space Ty My, but not on the particular choice
of normal space. In particular, the formula

Gr(z) 'Proji = (Proj3¥Gr(x)Proj,) 'Proj;®
10



does not depend on the choice of projection projector Proj, so long as Range(Proj,) = T, M,.
In fact, one may verify that

dim(Ty My)

CTT(x)_lProj;"gf = Z (€, ui)eus,

i=1
where (U;)1<i<dim(T, M,) 1S any g-orthonormal basis of Ty M. However, (4.10) and (4.11) show
that closed-form expressions are available for dr(x) and dy(z) if this is the case for (i) the
projection operator Proj, and (ii) the inverse of the restriction operators Gr(x) and Gy(x).

4.2. Equivalence between landing algorithms and projected gradient flows

Given an arbitrary smooth symmetric positive-definite operator field

H(x): F = F,
we consider the iterative scheme
(4.12) Tr1 = 2k — og(dr(zk) + dn (1)),
where the tangent term dr(z) = —grad}, f(z) € T; M, is unchanged while the normal vector
field dy(z) is defined for z € D by
(4.13) dy(z) == — De(x)™ H(z) c(z) € NIM,.

We refer to (4.13) as a ‘pseudoinverse’ step. The iterative algorithm (4.12) may be interpreted
as the discretization of the ordinary differential equation

&= —dp(x) —dy(x)
(4.14) = (Idg — De(x)™9 (De(z) De(z)™9) ! De(x))V, f (2)
— De(z)*9 (De(x)De(x)*9) ™ H(x) e(x),
When H(z) =1Id and g = ¢° is the Euclidean metric, (4.14) coincides with the ‘Newton-like’ or
‘pseudoinverse’ step of the projected gradient flow (2.2).

Formula (4.13) offers a somewhat more explicit control of how optimization trajectories land
on the constraint manifold than (1.4) based on the unconstrained Riemannian gradient. It is a
descent direction for the infeasibility measure 1(z) = ||c(z)||%/2 with a descent value depending
explicitly on H(x) and independent of g:

Dy(z)[dn(2)] = (De(z)[dn ()], c(2)) »
(4.15) S <Dc(x)Dc(x)*’9 (De(z)De(x)9) ™" H(z) e(z), c(x)>
— — (H(@)e(), c(a)) 5 < 0.

]:

More precisely, the normal step dy(x) is the minimum g-norm solution of the undetermined
system Dec(z)[dy] = —H(x)c(x):

1
(4.16) dy(z) = arg min = ||dy||? such that De(z)[dy] = —H (x)e(z).
dnyeE 2 9

This implies that, at the continuous level, the constraint values along the gradient flow trajec-
tories x(t) solving (4.14) satisfy

d
ac(m(t)) = —H(x(t))c(x(1)),

which entails ¢(z(t)) = ¢(z(0)) exp (— fg H(x(s))ds). Hence, the eigenvalues and the eigenvec-

tors of the symmetric operator H(x) determine the instantaneous decay rate of the components
of the constraint violation vector c¢(x) € F.
11



When H(x) = Dc(z) De(x)*9, we retrieve dy(z) = —De(z)*9¢(x) = —Vg1)(z), the negative
unconstrained Riemannian gradient of the infeasibility measure 1(x) = ||c()||%/2. The follow-
ing propositions show that the converse result is true: firstly, (4.13) does not depend on the
choice of the normal metric Gy (z); secondly, it is actually possible to redefine the normal met-
ric Gy (x) without changing the values of dr(x) and dn(z) so that dy(x) becomes the negative
Riemannian unconstrained gradient of 1 in the new metric.

Proposition 4.3. The ‘pseudoinverse’ normal space step (4.13) depends only on the choice of
orthogonal normal space NoM, through the normal projector Proji. More precisely, it holds

(4.17) dn(x) = —ProjiDe(z) € H(z)c(x).

Proof. Recall that Projt = De(z)9De(z) (eq. (3.15)). Multiplying to the right by De(x)™€
and using De(z)De(z)P¢ = IdF, we obtain the identity De(z)h9 = ProjiDe(z)"¢ relating the
g— and Euclidean right-pseudoinverses. Formula (4.17) follows by substituting into (4.13). O

Proposition 4.4. The pseudoinverse normal step (4.13) (or (4.17)) can be rewritten as

(4.18) dn () = =Vgih(z),

with (x) = ||c(x)]|%/2 for the metric field g defined through (3.3) and (4.7) by setting
Gn(z) :=De(x)*  H(z) 'De(x),

which defines a symmetric positive-definite operator on NyM,..

Proof. The operator Gn(z) is clearly symmetric for the Euclidean inner product. To prove
positive definiteness of G (z) on NE M., consider any nonzero ¢ € Ny M,. We find

(GN(2)€, € = (De(z)**H(z) 'De(a)E, &)e = (H(z) 'De(z)€, De(z)€)F > 0,

since & € NEM,, kerDe(x) NN, = {0} and H(z)~! is symmetric definite positive. Thus,
Gn(z) > 0 on NyM, and (4.6) (leaving Gr(x) unchanged) does define a metric g on £.
Let us recall (equation (4.11)) that the unconstrained Riemannian gradient of ¢ (z) is given by

(4.19) V,(z) = Gy (z) " 'De(x)e(x).

Let us express V1(z) in pseudoinverse form. Due to ker(De(z)) = T, M, and Range(De(x)*¢) =
TIMé’g, we have

(4.20) De(z)Projt = De(x), Proj**De(z)¢ =0
D¢(x)Proj, =0, (Proj+)*¢De(z)* = De(z)™.
These identities imply
G () = (Proji)" € Gy (#)Projt = (Proji)*€De(x)* H(x) "De(x)Projt = De(e)"* H(z) De(a).
Right multiplying by ProjiDe(z)¢, this leads to

Gn(2)ProjiDe(z)™€ = De(a)™ H(z) 'De(x)ProjiDe(a)He

= De(z)"* H(z) 'De(z)De(x) 6 = De(z) " H(z) ™!,

invoking the first line of (4.20). Left multiplying by é\;(m)’l D T Mt — N, M., which is
allowed because Range(Dc(x)*¢) = T, M2, and right multiplying by H(x), we obtain
(4.21) Gn(2) ' De(z)*¢ = ProjiDe(z) € H(z).
Combining (4.19) and (4.21) yields (4.18). O

In other words, defining the normal term as a negative unconstrained Riemannian gradient

(1.4) or as the pseudo inverse step (4.13) leads to the same family of optimization algorithms.
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5. LINKS BETWEEN LANDING METHODS AND EXISTING CONSTRAINED OPTIMIZATION
ALGORITHMS

In this section, we establish explicit connections between the landing algorithm and several
well-known constrained optimization algorithms from the literature. Specifically, in section 5.1,
we demonstrate that the landing algorithm, as defined by (1.2), can be interpreted as an Aug-
mented Lagrangian Method with the Lagrange multiplier assigned the least-squares multiplier
value at every iteration.

In section 5.2, we prove that the most basic version of Sequential Quadratic Programming
(SQP), without trust-regions, is a particular case of the landing algorithm.

In section 5.3, we deepen the connection—previously observed by multiple authors, e.g. Miller
and Malick (2005); Absil et al. (2009); Mishra and Sepulchre (2016)—between the quadratically
convergent version of SQP and the Riemannian-Newton method on a manifold. We show that
when the tangent step in (1.2) is chosen to be the Riemannian-Newton direction, the landing
method with a “Newton-like” normal update dy(z) = —De(z)"9¢(x) achieves quadratic conver-
gence only for a distinguished choice of normal space, which precisely coincides with the one
mandated by the SQP framework.

5.1. Interpretation of the landing algorithm as an augmented Lagrangian method
Consider the iterative scheme

(5.1) Tr1 = Tk — VgL, (T, Ak,
with the augmented Lagrangian Lg, given by

L5, 0) = £&) + (el r + L@

Here, (B is a penalty parameter which is not necessarily constant. In (5.1), the unconstrained
Riemannian gradient V,Lg, is taken with respect to the variable .

Proposition 5.1. The Augmented Lagrangian iteration (5.1) coincides with the Riemannian
landing iteration (4.12) with pseudoinverse step (4.13), setting Mg as the least-squares multiplier

(52) M= argmin |V (@) - Dea) A% = (De(e)De(e) ) De(er) Vo ().
and H(zy) := prDe(x)De(z)™9.
Proof. The unconstrained Riemannian gradient of £g, with respect to x at x = x}, reads
VL, (r, Ak) = Vg f (xx) + De(xr) ™ A + BeDe(wr) ™ e(z)
= (Idg — De(ay) 9(De(xy)De(x) ) " De(wr)) Vo f (2x) + BrDe(wr) I e(ay).

Using (3.9) and (4.13) with H(x) = BxDc(z)De(z)™9, we obtain V,Lg, (2x, \) = gradf, f(zx)+
dN(J:‘k) O

Thus, the landing algorithm is an augmented Lagrangian method with the Lagrange multi-
pliers A; being the least-squares multipliers, and for which the minimization of the augmented
Lagrangian subproblem consists in a single gradient step.

5.2. Sequential Quadratic Programming is a particular case of the landing algorithm

In its most basic form as described in Boggs and Tolle (1995), the Sequential Quadratic
Programming (SQP) method considers the iterative sequence

(5.3) T+1 = Tk + apdy,
where dj, is obtained by solving at each iteration the quadratic program
. 1
dy :=arg mmin f(@g) +(d, Ve f(ar))e + §<d, Bid)e

subject to De(xy)d + c(zg) = 0,
13
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given a sequence of symmetric positive definite operators By : £ — £. This method is locally
convergent under mild assumptions on the selection of symmetric positive-definite matrices Bj.
Setting By = V2L(z,\;) (V2 being the Euclidean Hessian in the z variable), with the La-
grangian
L) = f(2) = (O ele))r

SQP achieves quadratic convergence around a KKT point for a unit step size when A\, € F is set
to the Lagrange multiplier associated to the equality constraint of (5.4) of the previous iteration
(see Nocedal and Wright (2006)). Globalization procedures also exist, based on merit functions
or filters (Boggs and Tolle, 1995; Fletcher et al., 2002; Wichter and Biegler, 2005; Obara et al.,
2022).

The following proposition shows that the SQP algorithm (5.3) forms a particular instance of
the Riemannian landing method (1.2).

Proposition 5.2. Suppose that By, is a symmetric positive definite operator on Ty, My, . Con-
sider the space Ny, My, defined as the E-orthogonal space of BT, My, :

(5.5) Ny, My, = (BpTp My, ).
Let g be the metric defined by
9(&,¢) = (Proj,, &, ByProj, ()¢ + (Projg; &, Gn (k) Projz, (e,

where Proj,, is the oblique projection on the decomposition & = Ty, My, ©Ny My, and Gy (zy)
any positive symmetric definite operator on Ny, My, . Then, if x}, € D, the SQP direction dj, of
(5.4) is given by

(5.6) dy, = —grad:qA/lzkf(xk) — Dc(ack)T’gc(ack).

In other words, the SQP direction dj, and the Riemannian landing direction dp(xy) + dy(zy)
based on the pseudoinverse formula with the choice H(xy) = Idx for the normal component (eq.

(1.3) and (4.13)) coincide at every step k for the metric induced by By on the tangent space
Ty, My, and the normal space (5.5).

Proof. The space decomposition & = T, M, ®N,, M, holds because By, is symmetric definite
positive. Observe that any d satisfying Dc(zy)d + ¢(xy) can be written as

d=u+dy(zg),
with dy(z;) = —De(zg)e(zy) and u € Ty, My, . The minimizer of (5.4) is dj, = uy, + dn (z),

where uy is the solution to the quadratic unconstrained minimization problem

(5.7) up = arg ueﬂlif\l/lm f(zr) + (u+dn(zr), Ve f(zr))e + %<U +dn (), Br(u + dn(zg)))e-

Note further that for u € Ty, M., ,
(u, Ve f(wk))e = (Proju, Ve f(wx))e = (u, Projf Ve f (wr))e,
and since dy (z)) € Ny, My, = (BpTe, My, )5,
(u+dn(zr), Bp(u+ dn(zk)))e = (u, Bru)e + 2(u, Brdn (zx))e + (dn(2k), Brdn (zr))e
= (u, Gr(zk)u)e + 2(dn(xk), Bru)e + (dn(zk), Brdn (zk))e
= (u, Gr(zk)u)e + (dn(xr), Brdn(xr))e,

where we denote G(xy) := By. Consequently, by eliminating constant terms, the solution wuy, to
(5.7) is also the minimizer of the quadratic problem

1 —
(5.8) uy = arg ueTTkiI/{/lzk (u, Proji Ve f(zx))e + Sl Gr(zp)upe,
where é‘;(l‘k) : Ty My, — ka’g is the operator defined in (4.8). The solution to this quadratic

program is uy = —GT(mk)_lProj;ngf(a:k), which is exactly dr(xy) according to (4.10). O
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Remark 5.1. An alternative, more algebraic proof can be obtained if one assumes By to be
symmetric positive definite on the whole space € rather than only on Ty, My, . In this case, the
result is well-known and can be found stated in different forms in the optimization literature;
see for instance (Boggs and Tolle, 1995, eq. (3.8)-(5.10)) or more recently (Feppon, 202/,
Proposition 1). The idea of the proof is recalled here to highlight the link with the landing method
(4.12). The KKT condition for (5.4) states that there exists a Lagrange multiplier A\, € F such
that the minimizer dy reads

(5.9) d, = =B}, 'Ve f(z1) + By, 'De(ar) S A
Inserting this expression into Dc(xy)dy, = —c(xy), we infer that
De(wg)dy = —c(zy) = —De(xg) By 'Ve f (k) + Dc(ﬂ:k)Bllec(xk)*’g)\k.
Since De(wy) is full rank and By is assumed to be invertible, the operator De(zy,) B, 'De(wy)*¢
s symmetric positive definite and A is given by
Ak = —(De(ay) By, 'De(ay) ™) " e(ay) + (De(ay) By De(ay) €)' De(ay) By 'V f (z,).

Substituting this expression into (5.9) yields
(5.10) dy = — (Tn = By "De(wy) € (De(ag) By 'Dea) ) "' De(ay) ) By Ve ()

— B 'De(ay)*¢ (Dc(mk)Bk_ch(a:k)*"g)7lc(xk),
which is (5.6) with the metric g(§,¢) := (£, Br().

Conversely, given a metric g at xy, the proof of proposition 5.2 shows that the “landing” step
(5.6) can be obtained as the SQP step dj, solving (5.4) by choosing

By := Proj;’kg Gr(xy) Proj,, -

Hence, the SQP algorithm (5.3) and (5.4) constitutes a strict subclass of landing algorithms (1.2)
to (1.4). In SQP, the iterate is completely determined by the choice of the normal space and
the tangent metric, whereas the landing framework additionally allows one to tune the normal
metric for the normal step (1.4)—or, equivalently, to choose the operator H in (4.13).

Lastly, it is interesting to notice that, given a matrix By generating the SQP direction dj
through (5.4), the normal component can be modified without changing the tangent component
by replacing Bj with Proj;‘c’kgBkProjmk, where Proj,, is any linear projector on Ty, M;, . After
this change, the SQP direction reads (5.6) where g is a metric making T,, M, and Ng, M, =
ker(Proj,, ) g-orthogonal and satisfying g(, () = (£, Br()e for any &,¢ € Ty My,

5.3. Link with the Riemannian Newton method: all roads lead to SQP

We have recalled earlier that the SQP method (5.4) is quadratically convergent with By =
V2L(zk, \) and A being the Lagrange multiplier of the quadratic program at the previous
iteration. In fact, these settings make SQP equivalent to the Newton method for the functional
F(z,\) := (VeL(z, ), c(x)) (Nocedal and Wright, 2006, Chapter 18). In view of proposition 5.2,
this implies that in order to make the landing method

(5.11) Tpr1 = Tk — gradgkaf(:xk) — De(zy)e(xy)
locally quadratically convergent, it is sufficient to choose a metric g such that

(i) the normal space at @ is Ny, My, := (VEL(zg, Ag) Tay Ma, )%
(ii) the tangent metric is Gr(zx) = VEL(xk, Ak).

On the other hand, it is known since Edelman et al. (1998); Absil et al. (2009) that when
setting Gr(z) = VZL(x, \*(z)) and Proj, = I, the £—orthogonal projection, the tangent term
becomes a Riemannian Newton step:

—gradg\,lzf(x) = —Hessfwzf(x)_lgradf\izf(x).
15



Here, Hess‘f\/lzf(a;) = II,VZL(x, A(z))II, is the Riemannian Hessian with respect to the Rie-
mannian connection associated to the Euclidean metric; this follows from the fact that £ :=
grad}, f(x) satisfies

Gr(2)€ = My VEL(w, @) Lé = —T1, Ve f(z) = —grad?,, f(x).
In Absil et al. (2009), this property enabled to interpret the Feasibly Projected SQP (FP-SQP)
method, i.e.
(5.12) Tpt1 = Ry (agdy),

with dj being the SQP direction (5.4) and By = V2L(z, \i(zk)), as a Riemannian Newton
method on the manifold M. Here, the multiplier is not the SQP multiplier A; as above but the
least-squares multiplier A\*(z)) where

N*(x) = (De()De(z)"€) "' De(x) Ve f (@),

however, both choices are asymptotically equivalent since A\, — \*(z*) as k — +oo.
The FP-SQP method (5.12) combines the SQP step dj, with R, a retraction on M to ensure
the feasibility of the iterates at every iteration.

In what follows, we deepen this connection, by showing that the conditions (i) and (ii) are
in some sense necessary to make (5.11) locally quadratically convergent. Consider the iterative
scheme

(5.13) Tht1 = Tp — HeSSﬁ’\’/ﬁkf(xk)_lgradﬂ/[%f(%) — De(ay)Me(ay),

which combines a Riemannian-Newton tangent step —Hessf\’jl flag) ™t gradfwmk f(xx) on the man-

ifold M,, with the ‘Newton-like’ pseudoinverse normal step —Dc(zy)9¢(x) aiming to reduce
the constraint violation. The scheme (5.13) can be seen as a particular case of the landing
method (4.12), up to redefining the metric in the tangent space.

Let us recall that the Riemannian Hessian is defined with respect to the metric g and the
choice of an affine connection V4 by the formula

Hess%if(x)f = V?gradiwzf(x)a

where an affine connection V4 is a bilinear operator on the tangent bundle that verifies Leibniz
rule (V?C € Ty M, and V?(f() = DefC+ fV?C for any smooth real function f and any

£, € ToM,), see Absil et al. (2009), chapter 5. The superscript -4 in the notation V4 of
the affine connection is suggested by the next lemma, which states that affine connections on a
Riemannian submanifold can be parameterized by the choice of a tangent bilinear term A(¢, ().

Lemma 5.3. Any affine connection on M, can be written as
(5.14) Ven = Vin := Proj,(Den) + A(€,m),

where A(§,n) @ ToMy X TuMy — Ty My is a vectorial bilinear form with values on the tangent
space Ty My, and Proj, is any projection operator on Ty M. Reciprocally, (5.14) defines an
affine connection.

Proof. According to Gauss formula, any affine connection can be written as

(5.15) Ven = den —I'(¢,n),
where I'(£,n) is the Christoffel symbol of the connection. Since V¢n € T, M., we must have

Proj; (T'(€, 7)) = Proj; (Den),

so that T'(&,m) = Proj(Den) — A(€,n) with A(¢,1) := —Proj,(T'(¢,n)). Substituting this
expression back into (5.15) yields (5.14). Conversely, we verify that for a given vector bilinear
form A(&,n), formula (5.14) satisfies all the axioms of an affine connection. O
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Recall that on the one hand, the scheme xy11 = z — DC($k)T’gC(IL’k) generates iterates that
approach the feasible set at a quadratic rate, and on the other hand, the Riemannian-Newton
method (5.12) with dj = —Hessj\‘/’i . g]raud"j\/tzlc is locally quadratically convergent to a critical

point; these properties hold for any choice of metric g and any choice of affine connection V4
(Absil et al., 2008). It could therefore be tempting to think that the scheme (5.13) combining
this two directions should be automatically locally quadratically convergent near critical points
of f on the manifold M.

We show in the following that this is not true: the local quadratic convergence is obtained only
by selecting a metric g such that the normal space at z, is Ny, My, = (VEL(zp, A* (21))ToM)H¢
(or a convergent perturbation of it). This means that quadratic convergent iterates “land” on
the manifold M only through a preferred distinguished direction of the space, which is exactly
the one taken by SQP.

We prove this result in two steps. First, we observe that the choice of affine connection
influences the Hessian only up to a term vanishing near critical points.

Proposition 5.4. There exists a bilinear tangent mapping Eg D TeMy X ToMy, — ToM,

continuous with respect to g and x such that the Hessian Hessg\’/l‘i () : TeMy — TpM, can
be rewritten as

(5.16) Hesst £(2)[€] = G (o)~ HessS f(2)[€] + Ay (€, IL Ve ),
where
(i) 1:[\_9€ : € = TyM, is the E-orthogonal projection operator on Ty My ;
(ii) Gp(x)~t : ToMy — ToeM, is the mapping characterized by
Gr(x)7'¢ € TyM, and g(Gr(z)™'¢,Q) = (&, Q)¢ for any €,¢ € T M

(111) Hessf\/(z is the Riemannian Hessian with respect to the Euclidean metric g = ¢¢ on M.
It reads

Hessfvtz (€] = T VEL(x, \* (2))TLE
=T, [deVe f() + DIl ((Idg — T,) Ve f(2))], V€ € TaM,,
where \*(x) := (De(x)De(z)*4) ' De(2)Ve f(x) is the least-squares multiplier.
Proof. Due to (5.14), the Hessian Hess%if(x) : TyMy — Tp M, with respect to the connection
V4 and the metric g is the operator defined by
Hess%;! f(2)[¢] = Vigradd, f = Proj,(Degradl, f) + A(¢ gradd, f),  ¥E € Ty M,
where for the moment, we don’t specify the tangent projection operator Proj,. Since gradg\/[ f=

@(:ﬁ)_lProj;’ngf, we find
(5.17)

Hess%y. f(x)[¢] = Proj, (dg@;(x)*lProj;’fvgf)) + A(€, Gr(z) ' Projy¥ Ve f)
= Proj, (Gr(x) ' de [Prof* (Ve f)])
+ Proj, (Dg(@(m)*1Proj;z»5>Proj;’fvgf) + A(¢, Gr(z) ' Projy¥ Ve f),
where we note that é\;(:n)_lProj;’g = G(x)""Proj%¢ is differentiable as a mapping £ — &£ since

G(x)~" and Proj%® are differentiable. Let us then recall the Weingarten identities for the dual
projector Proj;’g (Feppon and Lermusiaux, 2019, Proposition 4):

D, Projy® (€) = (Proj; )" (Dy¢) for any n € TyMy, & € C°(My, No M),
D, Proj¢(¢) = —Projx¢(D,C) for any 1 € To M, ¢ € C°(My, ToME).

These identities can be obtained by differentiating the identities Proj;’gﬁ =¢ and Proj;’gc =0

with respect to n € T, M, for any smooth vector field £ with values in Ny Mz and any smooth
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vector field ¢ with values in T, M3, Using Range(a;p(x)_l) = T, M, and the first Weingarten
identity, we obtain

(5.18) Proj,(Gr(z)'de[Proji¥ Ve f(x)])
= Gr(2) 7 ProjiDeProjt¥ Ve f(z) + Gr(x) 'Projsf (DeVe f ().

Introducing Ay (&, ¢) := Proj, (De(Gr(x) Projt)¢) + A(E, Gr(x)~1¢), (5.17) and (5.18) lead
to

Hess{if f(2)[€] = Gr(2) ' Projz® (DeVe f(2) + DeProj (Proji) " Ve f(x) ) + Ay (&, TL Ve ).

The projection perator Proj, can be chosen freely in the definition of the covariant derivative by

changing the operator A according to lemma 5.3 and when writing évT(a:)_lProj;’g, according

to remark 4.3. The result follows by choosing Proj, = II, to be the £-orthogonal projector II,
on Ty M, which is self-adjoint. The point (iii) can be found in Absil et al. (2009). O

The term in (5.16) featuring A vanishes at critical points x* satisfying II, Ve f(z) = 0. This
implies that the tangent Newton step in (5.13) does not significantly depend on the affine
connection V4 or on the tangent metric Gz (z).

Lemma 5.5. In the vicinity of a critical point x* with gradivlz*f(:v*) =0 and Hessf\/lzf(a:*)
wnvertible, all Riemannian Newton steps agree up to a quadratically vanishing error:

(5.19)  —Hessyq, f(2) ' grady,, f(z) = —(Hessiy, (@) 'L Ve f(2) + O(|[IL Ve f(2)|2).

Proof. Let dp(x) = —(Hess%’tf($))_1grad§wxf(x). It holds Hessf\’/l‘if(:v)dT(x) = —grad}, f(z) =
—C?;(x)Proj;’ngf(x). Using (5.16), left multiplying by Hxé;(a:) and using II,Proj; = I1,, we
find

(Hess%, + O, Ve f(2)))dr(z) = I, Ve f(z).
The result follows by a standard perturbation analysis. U

We are now in position to prove that Riemannian-Newton landing iterations (5.13) converge
quadratically when choosing the normal space N, M, = (VZL(z, A*(z)))1¢, characterizing the
normal step dy(z) = —De(x)9e(z) = —ProjiDe(x)€c(z). To make the proof more readable,
we don’t explicit here the various Lipschitz constants involved in the convergence estimates,
absorbing them in the O( - ) notation.

Proposition 5.6. Assume that ¢ and f are continuous twice differentiable mappings on €. Let
x* € M be a local minimizer of (P) with Riemannian Hessian Hessi,lz*f(x*) positive definite

at x*. If the metric g is set such that the normal space is Ny My, = (VEL(z, \*(25))) 1,
then, for any xg € € sufficiently close to x*, the Riemannian-Newton landing iterates (5.13) are
well-defined and converge quadratically to x*: there exists a constant v > 0 independent of k € N
such that

lager —a*lle < yllox "2, VkeEN.

Proof. Due to (5.13) and (5.19).
(5.20)
Tpi1 — 2" =z — 2" — Hess%kf(xk)*lgrad%zkf(a:k) — De(ar)Me(y)

= ay, — " — Hessfy, f(a) ', Ve f(ar) — De(zp)Me(ay) + O(|Ms, Ve f (w1)l[2)-

Since I1,«Ve f(z*) = gradi,lgc* f(z*) =0 and x — I, Ve f(z) is a Lipschitz map, it is clear that

(5.21) O(IIMz, Ve f(z0)[2) = Ollzw — 27(2).
Then, by considering a Taylor expansion, we have on the one hand,
(5.22) 0 = c(z*) = e(xx) + De(ay)[z" — zx] + O(||ex — 2| [2),
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which implies

Projik (" —xg) = Dc(a:k)T’gDc(zk)[a:* — x| = —Dc(xk)T’gc(:ck) + O(||z — 1:*||%)
Inserting into (5.20), we obtain
(5.23) Tpy1 — 2" = Proj,, (zp — ") — Hess‘fw%f(:nk)_lﬂszgf(xk) + O(]|zx — a:*H?g)

On the other hand, performing a Taylor expansion of x — I, V¢ f(x) around zj and multiplying
by Hirka

(5.24) 0= kaH:c*vé‘f(w*) = Hmkﬂmngf(xk) + kaD[H . ng] (wk)[x* — a:k] + O(ka — a:*H%)
Recall that for any £ € £ (Absil et al., 2009),
.De(I1. Ve f) () = Mo (DIl [T Ve f (2)] + DeVe f (2)) = M VEL(z, A (2))[€].
Consequently,
I, D(IT. Ve £) ()" — 4] = Ty V3L (g, X ()" — 24
= 1, VZL(zy, N (z1))Proj,, (x* — xx) + I, V2L(xg, \* (1)) Projs (z* — xp)
= Hess‘f\/lmkf(a:k)ProjIk (x* — xp) + Iy VEL (21, A () Projs (z* — xp)
+O(||zk — 27[[2).
Substituting into (5.23) after using (5.24), we infer
(5.25) xpyq —a* = Hessfwmkf(xk)_lﬂxkvgﬁ(xk, )\*(:L‘k))Projjk (x* —zk) + O(||z — ac*H?g)
Therefore, if Ny My, = (VZL(zk, A*(21))) ¢, we have VEL(zp, \f )Ny My, = ka/\/lfk’g and
HmkV%E(xk, )\*(xk))Proji‘k = 0.
It follows that zx41 — 2* = O(||zx, — 2*||%), which completes the proof. O

If Ny My, # (VEL(zg, A*(21))) 1, (5.25) shows that we only have a priori zp4q — 2* =
O(]|zx — x*||), which prevents quadratic convergence.

6. GLOBAL CONVERGENCE USING ADAPTIVE STEP SIZES

In this section, we design an adaptive step size globalization procedure for the landing method.
Namely, we propose a backtracking linesearch based on an Armijo condition for the decrease
of a merit function. Our approach relies heavily on classical techniques for the globalization
of SQP (Nocedal and Wright, 2006; Curtis et al., 2024), leveraging the fact—highlighted in
section 5.2—that SQP is a particular instance of the Riemannian landing.

We consider the landing update with the normal term written in pseudoinverse form, given
by
(6.1) d(z) = dr(zx) + dy(z) = —gradf, f(z) - De(x)"9H (z)c(x)
for some metric g on £ and H: F — F, as described in section 4.2.

6.1. Assumptions

We introduce a set of generic assumptions on the manifold and Lipschitz constants that will
arise in our analysis. The assumptions are standard in the SQP literature (e.g., Berahas et al.
(2021); Curtis et al. (2024)). We first assume that there exists a constraint threshold R > 0
such that the following compactness assumption holds.

A1l. There exists a threshold R such that the set R = {z € &€ : |lc(z)||r < R} is compact,
contains all the iterates (xx)ken and trial points, and f is bounded from below on R:

;él%f(:v) > —00.

We then require f and ¢ to be Lipschitz continuous on K.
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A2. f and c are continuously differentiable on D with Lipschitz derivatives. In particular, there
exist constants ||Ve f||so, ||De||ocs Lf, Le > 0 such that

IVer@)lle < |IVefllor  sup 12D

< |IDe||0o Vo e R.
ve&\{0} lv]le

IVef(@) = Veflle < Lylle —ylle Va,y eR,
||DC($) - Dc(y)||5—>.7: < LcHx - @/HS Vx,y € Ra

where ||A||lesr = sup ||Av||£/||v|| denotes the operator norm for linear operators A : € —
veE\{0}

F.

Third, we assume the classical linear independence constraint qualification (LICQ) in a neigh-
borhood of the feasible set M:

A3. There exists a positive constant o such that

f omin(D = inf o, (D >0 >0,
inf oin (De(2)) = inf o (De2)) 2 o
where o (A) and omin(A) denote the kth and the smallest (Euclidean) singular value of a linear
map A, respectively. Equivalently, the Euclidean pseudoinverse of De(x) is bounded:

[[De(a) wl|e

sup —————= < ||Deh
wer\(oy  wllF

Ve € R.

These bounds also imply the uniform boundedness of Riemannian gradients V, f(z), adjoints
Dc*9(x) and pseudoinverses Dcl9 by assuming uniform ellipticity of the metric.

A4. There exist uniform constants g > 0 and g > 0 such that

Vo € R, VE€E, g|l¢llF < 9(&,€) = (G()&, &) < 7ll¢]l3.

This assumption implies the following bound which will be useful in the proof of proposi-
tion 6.4.

Lemma 6.1. Assuming A3, the g- pseudo inverse can be bounded in terms of the Fuclidean
pseudoinverse:

D 1.9 T De(
sup |[De(z)wlle <7 s |[De(z) ™ wlle wl\s HDCTSIIOO, ViR,
wer\foy  |wllF 9 wer\{0} lelf

Proof. This follows from the fact that De(z)9w is the vector & € £ of smallest g-norm satisfying
De(2)¢ = w. Since De(z)h¢w is another vector satisfying this property, this implies that

V9lDe(z)Mwlle < |IDe(z) 9wl|y < ||De(x) wlly < /glDe(@)wle.
O

Finally, we also assume the uniform ellipticity of the operator field H(z) involved in the
normal space direction (4.13).

A5. There exist uniform constants Amax(H) > 0 and Apin(H) > 0 such that

Amin (FD||C[|% < (¢ H(2)O) 7 < Amax(H)|[C||%,  for allz € R and ¢ € F.

Remark 6.1. Assumption A5 holds in both cases H(x) = Idr and H(x) = De(z)De(z)*9
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Algorithm 1 Riemannian Landing Method
Require: choose 1 € (0,3), 8 € (0,1); p € (0, Amin(H)/2); initial 2 € €

1:opg=1
2: k=1
3: repeat
4: Compute dj, = d(xp), the landing direction (6.1) at z
5: Set pp = pg—1 if ¢(zr) = 0 and
(6.3) L = max {,ukl, Df(xk)dN(xk)} if c(xy) # 0.
plle(@e)ll =
6 Set o, + 1
7 while ¢, (xr + agdy) > dp, (k) +nag Doy, (x)di, do
8: ap — Bay > backtracking
9 end while
10: Tkl < Tk + apdy

11: until convergence

6.2. Line search procedure

The line search procedure is based on decreasing the fo-merit function

(6.2) Pu(x) = f(2) + plle(@)l 7

for a large enough penalty parameter p. We perform a backtracking line-search on the fa-merit
¢u(x) with Armijo parameters n € (0,1) and 5 € (0, 1) as described in algorithm 1.
The following lemma gives the directional derivative of the merit function ¢,,.

Lemma 6.2. If x € & is such that ||c(x)|| # 0, the merit function ¢, is differentiable at x and

(6.4) D¢,(xz)d =Df(x)d + p < e E §H (x)d>F.

For c¢(x) = 0, the merit function is not differentiable at x; however, it admits the following
directional derivative in any direction d € £:

i ulz H1d) — ()
(6.5) D¢, (x)d := %g]% = ; =

— Df()d + | De()d] 5
In what follows, for x € R, we denote by

(6.6) d(z) = dr(z) + dy(z)

the landing step with dr(r) = —grad}, f(z) and dy(z) = —De(2)MH (z)c(x).
The following result shows that if the penalty parameter is large enough, the landing direction
is a descent direction for the merit function ¢,,.

Proposition 6.3 (Sufficient decrease). Let z € R. If c¢(x) =0, or if c(z) # 0 and
Df(x)dn(x)

6.7 ZIEN

o0 " el

with p < Amin(H (2))/2, then the directional derivative of ¢, (x) in the direction d(x) satisfies

(6.8) Doy()[d(x)] < —|lgradsy,, f ()] — pulle(z)] 7.

Proof. For p < Apin(H (x))/2, we have

69— DI@IE @l Df@dn() ey Dfwyit) _

(c(x), H(z)e()) 7 = pllc@)lz ~ Qmin(H (@) = p) e(@)lz — plle@)lz
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For [[c(z)|| # 0, (6.4) and De(z)d(x) = —H (z)c(z) imply

Dgy(w)d(z) = Df (@)dr(z) + Df (@)dn() + < Hcigﬂf | D0<x>d<x>>f
=g (ng(x), —gradf\/lzf(x)) + Df(z)dy(z) — M<C(x)‘,|f(riﬁ)vﬁ;(x)>f

{c(x), H(z)e(x)) 7
le(@)l| 7

< — llgrad? f(2)|5 + T )”F(<C(f€),H(w)C($)>f*PIIC(%)II?)*

= _ ”gradgf(w)H; — pp |lc(@)] £,

where we have used (6.9) in the third line. For x € M, where ¢(x) = 0, the landing direction d
only has a tangent component (dy(z) = 0) and the directional derivative (6.5) becomes

Dy, (2)d(x) = Df (x)dr(x) = — [|lgrad’ f(z)];
Thus (6.8) holds for all x € R. O

The following result shows that the penalty parameter p remains bounded in the region of
interest K.

Proposition 6.4 (Upper bound on the penalty parameter). Under the above assumptions, the
increasing merit parameter sequence (px)r>0 defined by (6.3) in algorithm 1 remains bounded:

2 = f(m)dN _ e .
(6.10)  p(x): p”()uf <pi= \[vafu |Det| Amanti), vz eR.

In particular, the sequence (pug)keN @S convergent.

Proof. Recall that p(z). Using the Cauchy-Schwartz inequality and lemma 6.1, we find

IDf ()dw (@)| = (Ve f(2), ~De(x) 9 H () s<\[Hst Dlle [De|| |1H@)e(@)]le

\[ 196l [P Amax(H) et

In what follows, we use the following inequality, actually valid for any Euclidean norm.

Lemma 6.5. Let v,w € F with v # 0. The following inequality holds:

(6:11) lo-+uls < pllr+ () + e,
. i7"/ 2l

Proof. We have
2 2 2 2
(6.12) v+ w|z = [|v]|F +2(v,w) 7 + [[w]|F = [Jv]|F (1 +1).

with ¢ == (2 (v, w) + [w]|3)/ [[o]%. Since 1+t = v+ w|%/[v|% > 0, it is clear that ¢ > —1.
Recalling the elementary inequality /1 + ¢ < 1+ ¢/2, valid for ¢ > —1, this implies

2
ol 21lvllF

t w,0) . [l
(6.13) Hv+w||f=||vufﬁl+ts|rv||f(1+2)=Hv||;(1+ o)y Jwlz )

O

The following lemma gives an upper bound on the merit function along the landing direction,
which we use below to show finite termination of the linesearch.
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Lemma 6.6 (Quadratic upper bound for the merit function). For any x € R and o > 0 such
that © + ad(z) € R with d(z) the landing step (6.6), it holds that

(6.14) 6,(a-+ad(z)) < 6,(x) +aDB@)(a) + % (L +uLe) [d@) 2+ A (T @)
where D¢, (x)d denotes the one-sided directional derivative of ¢, at x along d, given by Lemma 6.2.
Proof. By the Lipschitz continuity of V¢ f (assumption A2), we can write
(6.15) f(z+ad(z)) < f(2) + aDf(z)d(z) + 5Lsa?|ld(z)].
By the Lipschitz continuity of D¢ and De(x)d(z) = De(z)dy(x) = —H (x)c(z), we also have
(6.16) c(x + ad(x)) = c(x) + aDce(z)d(x) + r(a),

= (Idr — aH(z))e(x) 4+ r(a)

with [|r(a)|| 7 < 5Lc o®|ld(2)(3.
If c(z) = 0, it follows that ||c(x + ad)||r < ||r(a)|| 7, which imply
Pu(® + ad(z)) = f(z + ad(z)) + pllc(z + ad(@))| 7

< f(z) + aDf(2)d(x) + 3 Lyo?||d(2) [ + p3Le o”||d()|-
Moreover, (6.5) together with Dc(z)d(x) = 0 entail D f(x)d(z) = D¢, (x)d(x). Therefore (6.14)
holds if ¢(x) = 0.
We now consider the case c¢(z) # 0. Majoring the first line of section 6.2 using (6.11) with

v =c¢(x) and w = aDe(x)d(x) gives
(6.18)

(6.17)

Cc\T 062 C\T X 2
Jeatod(@))r < o)+ ( 5= Defw)ite)) + G IPDTIE )

2

< e+ o (T Do)+ G 2 )+ e
Combining (6.18), (6.15) and (6.4) yields (6.14). O

The following result shows that the linesearch terminates in a finite number of steps, and
gives an explicit lower bound on the stepsize.

Proposition 6.7 (Lower bound on the step size). The sequence of step sizes (ax)ren generated
by algorithm 1 are bounded from below:

281—n) . p
6.19 >ai=qg——— 1, — 0 Vk e N
( ) o > a Q(Lf—i-ﬂLc)mm o > eN,
where ¢y 18 the constant
2 gh
6.20 — (g HD Tf” I ) e (H).
(6.20) evim (oo R 2 ) At

Proof. Owing to (6.14), the Armijo condition
(6.21) du(x + ad(z)) < ¢u(z) +naDe,(x)d(z)

is satisfied whenever

042 042
(6.22)  aD¢u(x)d(x) + E(Lf +pLe) dlfF + 7w\max(H)2 le(x)ll7 < naDéy(z)d(x),

or, equivalently,

2(1 = n)[Dy(x)d(x)]

(Ly + MLQE) ld(@) 12 + pAmax(H)? ()| =

(6.23) a < amin With amin 1=




This means that, at iteration k, the Armijo line search terminates with ay > 0 satisfying either
ar =1 or ag/B > amin. The sufficient decrease condition (6.8) implies then

(6.24) S 2801 —m) lgradsy,, f(@r)lg + prxlle(r) |l
. ak = '
Ly +ple ™ |dills + pndmax(H)? le(@r)ll 7 /(Ls + peLe)

By using A4 and the g-orthogonality of the tangent and normal step, we descent direction dj
can be estimated as

[EAF

9(dy, dy) = —(g(dr(z), dr(zk)) + g(dn(2k), dn(zk)))

IN
R QiR
Q| —

1
!grad%%f(wk)llﬁ + g\|DC($k)T’8H(9€k)C($k>H§)

IN

5 (lerad?y,, @5 + 81D Ama (el )

where we use the property that dy(z) is the minimum g-norm vector £ € £ satisfying De(xg)€ =
—H (zp)c(zy) and that —Dcl€ (x1,) H (21)c(x) is another such vector. Therefore, for ||c(z)| 7 <
R, the denominator of (6.24) is upper bounded as follows

(6.25)

ldllE + A (H)? le(@n) |l 7 /(L + prcLe)

1 g 2 2 ,Uk)‘maX(H)Q

< Do s[4 2 e om0 et + £ 5250

< Jeradie, s | Ama (D i) 5+ 77255 P (a5
1 g ke

< L aract,, (o) +( [} 2 )t

< lemadi, )] c Lt a2
1 2

< 2 (Jorat,, s+ crlletanlz ).

where ¢; is defined in (6.20) and the last inequality follows from 1 < py < i for all k. Thus we
have

28(1 —n) t1 + pta
6.26 >g———"F dg ith F'(tq,t _
(6.26) 2 9T AL (lgra (xk)Hg’ ||le(zg)l|7) with F(t1,t2) :== P——
Finally, for t1,t2 > 0 with ¢; + ¢1t2 > 0, it holds F'(¢1,t2) > min(1, p/c;). This implies the
bound. O

We are now in a position to prove our main convergence result for the Riemannian landing
method. The convergence rate is consistent with an existing result for SQP (Curtis et al., 2024,

Thm. 1).

Theorem 6.8 (Global convergence of the landing iterates). Under assumptions Al to A5, the
iterates (zy)ken generated by algorithm 1 satisfy

(6.27) le(xx)ll7 — 0 and [[grad}, f(zx)|le = 0 as k — 4o0.
Additionally, the rate of convergences of these sequences can be estimated as follows:
(6.28) min ||grad}, f(zg)ll i
k=0,...K —1 Ma = VK
and
(6.29) el < o
. min c(x —
k=0,.. K—1 kINF = K

for a constant C' independent of K.
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Proof. For K > 0, the Armijo condition reads

D (Th41) < Gy (k) + 10k D Py ()i,
which, thanks to (6.8), implies

F@rpr) + plle(zrp )z < flan) + prlle(zr)|| 7 — noullgrady zkf(fﬁk)Hf, — nagpp|le(zr)|| 7
This can be rewritten as
(6.30)  f(zk) — f(@hr1) + (pelle(@i)l|lF — prtrlle(zrsn)|[F)
> (= pt1)lle(@r41) || 7 + no||grad] zkf(%)”f, + nagppu||c(zk|| 7.

Summing for 0 < k < K — 1 and using the lower bound (6.19), we obtain
fxo) = flar) + polle(zo) || 7

K K-1 K-1
> prlleen)llz + Y (un-1 — me)lle@llr + > nowpplle(@e)l| 7+ 770ék||gfad§\/llkf(ka)”§
k=1 k=0 k=0
K-1 K-1
> (nap + pr-r — )lle(@i) || 7 + pralle(@r1)||lF + Y nallgrad] LS @l
k=1 k=0

Since pp—1 — pr — 0 as k — o0, we conclude that the series ), ngadﬂ/l%f(xk)Hg and
> i lle(xk)|| 7 are convergent, which implies (6.27) to (6.29). O

Due to the boundedness of the sequence (x1)x>0, there must be an accumulation point, which
is necessary a feasible KKT point according to (6.27).

7. GEOMETRIC DESIGN OF TANGENT AND NORMAL TERMS FOR MATRIX OPTIMIZATION
WITH ORTHOGONALITY CONSTRAINTS

A natural application for the landing algorithm is optimization with orthogonality constraints,
such as
(7.1) minimize f(X) subject to X ' X = I,
XeRnxp

where p < n. The feasible set—called the Stiefel manifold—consists of rectangular matrices
with orthonormal columns

M =St(n,p):={X eRP|X X =T1,}.
A function that defines the constraints is

(7.2) c: R™P — Sym(p): ¢(X) = %(XTX ~1,).

Thus, we have an instance of (P) with & = R™P and F = Sym(p), the set of symmetric
matrices of size p. The spaces £ and F are equiped with the standard Frobenius inner product
(-, )eand (-, -)r. In all what follows, we drop the subscript notation - ¢ and -  when writing
matrix Frobenius inner products or norms, in particular, for two matrices of same size X and
Y, (X,Y) = trace(X 'Y) and || X]||? = (X, X). Let R}*? denote the matrices size n x p with
full rank. We write Sym(p) = {S € RP*P|ST = S} and Skew(p) = {Q € RP*?|QT = —Q}, and
sym(A) = (A + AT)/2 and skew(A) = (A — AT)/2.

The squared infeasibility for the problem (7.1) reads

1 1
$(X) = Sl = IXTX -,
where I, is the identity matrix of RP*P. The set D of (3.1) is the set of full rank matrices

X € RY*P and the layer manifold My is

My = Styry = {Y cRVP.YTY = XTX} .
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In this section, we demonstrate how the family of normal spaces X — Nx Sty is crucial to
lead to efficient computations of the tangent and normal terms of the landing algorithm (1.2).
To illustrate this claim, we first consider the family of normal spaces orthogonal to the tangent
spaces with respect to the Euclidean Frobenius inner product. Although this choice is natural,
computing the corresponding orthogonal projections is expensive because it requires solving
Sylvester equations. We then take the reverse approach: we first introduce an alternative family
of normal spaces with associated projection operators that can be computed explicitly, then we
design tangent and normal metrics that lead to explicit—and thus more exploitable—formulas
for the tangent and normal steps for matrix optimization with orthogonality constraints.

The starting point is to recall the characterization of the tangent space to Sty at X € R,
We emphasize that this set does not depend on the metric.

Proposition 7.1 (Gao et al. (2022); Goyens et al. (2026)). The tangent space of StyTyx at X
is the set

(7.3) TxStyry = {£€RVP[ETX + XT¢ =0}

(7.4) = {X(X"X)'Q+ A|Q € Skew(p), A € R™P with ATX =0}

(7.5) ={WX|W € Skew(n)},

with dimension np — p(p +1)/2.

7.1. Landing algorithm for the Euclidean metric

We first outline the derivation of the tangent and normal steps (1.3) and (4.13) when g = ¢¢
is the Euclidean or Frobenius inner product metric:

€0 = (6,¢)  VE e R,

We thus choose the formulation of the landing algorithm (4.12) based on the pseudoinverse
formula for the normal step. The tangent and normal vector fields (1.3) and (4.13), with respect
to the Euclidean metric, are given by

(7.6) dr(X) = —Projx ¢[Ve f(X)],
(7.7) dn(X) = =De(X)VE[H (X)[e(X)]]
where brackets denote the action of linear operators on matrix spaces.

In what follows, we compute these two directions explicitly. The orthogonal projector Projy ¢
can be obtained through the characterization (3.5), as is commonly done in the literature on
Riemannian optimization Absil et al. (2008). However, since the formula for dy (X) also requires
the computation of the pseudoinverse De(X)"¢ | we instead propose to compute it using the
explicit relation Projy ¢ = Idg — De(X)P¥De(X). As it becomes clear below, the main difficulty
in computing this projection lies in inverting the symmetric operator (Dc(X)De(X)*¢)~! that
appears in the pseudoinverse formula De(X)1¢ = De(X)*¢ (De(X)De(X)*€)~L. Let us start by
evaluating Dec(X) and De(X)*€.

Proposition 7.2. The operator De(X) : R™P — Sym(p) and its adjoint De(X)*€ : Sym(p) —
R™ P read:

(i) De(X)[e] = L(XT€ +€TX) = sym(XT¢) for all € € RY,

(ii) De(X)*¢[S] = XS for all S € Sym(p).
Proof. The point (i) is obvious in view of (7.2). For (ii), we write, for any S € Sym(p) and
£ e R™*P

(€, De(X)*4[S]) = (De(X)[€], 5) = (sym(X '€), 5) = (X €, 5) = (£, X5).
U

“€) and

We infer the following characterization of the normal space N5 Sty y = Range(De(X)
of the Euclidean pseudoinverse De(X )¢,
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Corollary 7.3. The normal space of StyTy at X € RY*P with respect to the Euclidean metric

gg 18

(7.8) NSty = {XS|S € Sym(p)}.

Proposition 7.4. The pseudoinverse De(X)€ : Sym(p) — R™ P is the operator defined by
De(X)M[T] = XS, VT € Sym(p),

where S is the unique solution in Sym(p) to the Sylvester equation
(7.9) %(XTXS +SXTX) =T,
Proof. From proposition 7.2, it is readily seen that
De(X)De(X)*€[S] = %(XTXS +SXTX),
from where these results follow easily. U

Consequently, the computation of the tangent and the normal terms of the landing algorithm
require, in full generality, solving Sylvester equations.

Corollary 7.5. (i) The tangent term (7.6) of the landing algorithm (1.3) with respect to the
FEuclidean metric given by

(7.10) dr(X) = —Projy ¢ [Ve(f(X))] = —Vef(X) + XS,  VZ e R™?,

where S is the unique solution in Sym(p) to the Sylvester equation (7.9) with T = sym(X "Ve f(X)).
(i1) The normal vector field (7.7) is given by dy(X) = —XS, where S is the solution to the
Sylvester equation (7.9) with T = $H(X)[X "X —L,).

Proof. These results are obtained by using proposition 7.4 and formula (3.15) for the projection
operator Projx ¢. O

In the general case, we mention that the solution to (7.9) could be calculated from the singular
value decomposition of X. The following result is classical and may be found e.g. in (Li and
Zhou, 2018).

Lemma 7.6. Let T € RP*P be an arbitrary matriz. Let X =Y 2, JiuwiT be the singular value
decomposition of a full rank matric X € R"*P with singular values o1 > o9 > ... > g, > 0,
left and right singular vectors (u;)1<i<p and (v;)i<i<p. The unique solution S € RP*P to the
Sylvester equation (7.9) is given by

1 v Tv;
S == Z 2 (viv]—-r + w07 ).

2
g; g
1<i<y<p % T

When T = Q(X " X) with @Q an analytic function, the solution to the Sylvester equation (7.9)
is explicitly given by
S=Q(X"X)(XxTX)™ L
This observation leads to explicit formulas for the normal field dx(X) for two particular values
of the operator H(X) : Sym(p) — Sym(p).

Proposition 7.7. (i) If H(X) =1dF, then dy(X) = —3X(I, — (X "X)71).
(i) if H(X) = De(X)De(X)*E, then dy(X) = —Vep(X) = —X(XTX —1,).

Proof. For H(X) = Idr, dy(X) = —XS with S being the solution to (7.9) with T = Q(X " X)

with Q(z) = 3(z — 1). The solution is S = (I, — (X " X)~1)/2, which yields (i). For H(X) =

Dc(X)De(X)*€, (ii) can be found directly by using the identity dy(X) = —Ve(X) with
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P(X) = L|XTX — L||%. It is instructive, however, to retrieve this result from the result of
corollary 7.5. We have in this case that S is the solution to (7.9) the right-hand side T" given by

T = %DC(X)DC(X)*’E (XTX -1,

= %[XT(XXTX ~X)+(XTXXT - XT)X]
= (X"X)?P-XTX
= Q(X " X) with Q(z) = 2 — =
Hence, the solution to the Sylvester equation (7.9) is S = (X "X —1,,), which yields (ii). O
To summarize, the execution of the landing algorithm (1.3) for minimizing a function on
the Stiefel manifold using the Euclidean metric ¢¢ to define the tangent and the normal terms

dr(X) and dy(X) requires solving a Sylvester equation for computing the tangent term at every
iteration, which is potentially costly for large matrices X.

7.2. Metric design based on an explicit choice of projection operators

In this section, we adopt the reverse approach: instead of first defining the metric g and then
deducing the associated tangent and normal terms dr(X) and dy(X) via (4.3) and (4.13), we
begin by choosing first an explicit family of projection operators Projy onto the tangent space
TxStxTx, or equivalently, a family of normal spaces X +— NxStyTy. This step is outlined in
details in section 7.2.1. In the second step, we construct explicit operators

each admitting explicit inverses. This construction defines the metric a posteriori through (4.6):
(7.12) 9(£,¢) = (Gr(X)Projx[€], ¢) + (G (X)Projk[€], ).

Moreover, these explicit inverses provide closed-form expressions for the tangent and normal
terms of the landing algorithm via (4.10) and (4.17).

We examine two possible choices for Gy and Gu. In section 7.2.2, we consider a ‘canonical’
choice for these mappings, which leads to the definition of a new metric ¢ on RY*” and new
formulas for the landing algorithm for the optimization problem (7.1). In section 7.2.3, we
consider instead the family of S-metrics ¢® introduced in Goyens et al. (2026), which includes
for g = 1 the pulled-back canonical metric for the layered Stiefel manifold studied in Gao et al.
(2022). We show that this family of metric is associated to the proposed famlly of normal

spaces X +— NxStyTy considered in the first step, with a specific choice of GT and GN These
operators turn to admit explicit inverses, thereby highlighting why closed-form formulas for
dp(X) and dy(X) are also available in this case.

7.2.1. Choice of oblique projection operators and associated normal spaces
Recalling that any tangent vector £ € TxStyTx can be written as
£=X(X"X)"'Q + A with Q € Skew(p),
any matrix Z € R™P can be naturally decomposed as
Z=XX"X)'X"Z+ (1, -X(X"X)'X ")z
=X(X"X) lskew(X"2)+ (I, - X(XTX)' X Z+ X(XTX) L sym(X ' 2)
= Projx[Z] + Projx[Z],
where Projyx and Proj)l( are the operators defined by
(7.13) Projy[Z] == X (X" X) Lskew(X " 2) + (I, - X(X X)X T)Z7,
(7.14) Proj%[Z] := Idg — Projx(Z) = X (X" X) tsym(X " Z).
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It is straightforward to verify that Projy and Proj)L( are linear (oblique) projectors. In view of
(7.14), it is clear that this choice of projectors corresponds to attaching to T xSty x the normal
space

(7.15) NxStyrx := Range(Projx) = {X (X "X)"15|S € Sym(p)},

to be compared with (7.8). Given any symmetric operators Gr(X) : £ — & and Gy(X) : € —
&, positive definite on respectively TxStyTx and NxStyTx, Projx and Projg‘( are orthogonal
projectors for the metric (7.12) with

Gr(X) = Projy’ Gr(X)Projx, Gn(X) = (Projx)"¢Gy(X)Projx.

The following proposition provides expressions for the Euclidean adjoints of the tangent projec-
tion Projy and Projé‘(.

Proposition 7.8. The adjoint operators Proj}'S and (Projf;()*’g of the projection operators
Projx and Projg‘(—with respect to the FEuclidean inner product—are given by

(7.16)  Proji[Z] = Xskew((X ' X)'X"2) + (I, - X(X'X)"'x "2,  ZeR™?,

(7.17) (Proj%)™[Z] = Xsym((X " X)"'X"2),  Z e RV,

In particular, the Euclidean orthogonal spaces of the tangent and normal spaces are
(7.18) (TxStyry)-€ = Range((Proj%)*€) = {X S| 5 € Sym(p)},
(7.19)

(NxStyrx)€ = Range(Proj}g) = {XQ+ A|Q e Skew(p) and A € R™P with X" A = 0}.

Proof. By using the self-adjointness of the operators X (X TX 71X T and skew, we have for any
£, ¢ eRMP,

(Projx[¢],¢) = (X(X T X) " skew(X T€),¢) + (I, = X(XTX)7'X )¢, 0)
= (skew (X "€), (X T X)X T¢) + (&, (I, — X (X TX)7'XT)()
= (X 7€ skew((XTX)TIXTQ) + (6, (L — X(XTX) 7' XT)Q)
= (&, Xskew((X"X)7'XTO) 4+ (I, - X(XTX)71Xx 1)),
Formula (7.17) can be obtained identically, or from (Projx)*¢ = Idg — Proj}g. O

We mention the following characterization of the adjoint of the operator Dc(X) with respect
to the metric g defined in (7.12).

Proposition 7.9. For any S € Sym(p),
De(X)™[S] = G (X)X 5],

where é\];(X)_l . (TxStytyx) € — NxStyry is the inverse of the operator Gy defined in
(4.8).

Proof. Due to (3.12) and proposition 7.2:

(7.20) De(X)*9[S] = G(X) " 'De(X)¢[S] = G(X) 7L [XS].

Then, in view of proposition 7.8, Projﬁgg (XS] = 0 and (Projx%)*¢[XS] = XS. The result follows

by applying (4.9) to (7.20). O
From section 4.1, the tangent and normal steps of the landing algorithm (4.12) read

(7.21) dr(X) = —Gr(X) " Projyf [Ve f(X)]

(7.22) dn(X) = —ProjxDe(X)" H(X)[e(X))].
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The operators C:;ZF(X )=t and H(X) can be freely chosen by the user which gives some latitude
for the computation of dr(X) and dy(X), and which have rather clear physical interpretations.
We obtain the following formulas for dp(X) and dy(X).

Proposition 7.10. The tangent and normal terms (eq. (7.21) and (7.22)) of the landing algo-
rithm (1.3) relatively to the metric (7.12) are given by

(7.23) dp(X) = —Gp(X) 7 [X skew((X T X) ' X Ve f(X)) + (I, - X(X X)X ) Ve f(X)],
(7.24)
dy(X) = —X(XTX) tsym(X " XS),

where S is the solution to the Sylvester equation (7.9) with T = fH(X)[X'X —1,]. The
expression of dy(X) becomes explicit in the following cases:

(i) if H(X) = Idg, it reads dn(X) = =3 X (I, — (X "X)71);

(i) if H(X) = De(X)De(X)™9, it reads dy(X) = —3Gn (X)X (XTX —1)];
(i1i) if H(X) = De(X)De(X)*€, it reads dy(X) = —X(XTX —1,).
Proof. Formula (7.23) follows immediately from (7.21) and (7.16). Formula (7.24) is obtained

by combining (7.22) and the result of (7.6). For the cases (i) and (iii), we observe that due to
(7.22),

dy(X) = Projx[dy(X)?]
where dy (X )5 is the corresponding normal direction obtained in proposition 7.7. Since

X(IL,-(X"X) ) =xX"X)""X"X ~1,) € NxStyry,

XXX -L)=X(X"X)""((X"X)? - X"X) € NxStyry,

we have in both cases d (X) = dy (X )¢, which proves (i) and (iii). Finally, H(X) = De(X)De(X)*9
implies that dy(X) = —De(X)*9¢(X), which yields (ii) after using proposition 7.9. O

It remains to choose the operator C/J\;(X)_l in (7.23), and the operator é;(X)_l if one
chooses (ii) for the normal direction.

7.2.2. Construction of the tangent and normal steps based on canonical tangent and normal
metric representers

There is a natural choice of operators Gr(X) : TxStyty — NXStj‘(’fX and a;(X)
NxStytx — TXStj‘(’fX with explicit inverses é;(X)_l and éE(X)_l, leading to explicit ex-
pressions for the tangent and normal steps (7.23) and (7.24). Recalling (7.4) and (7.19), and
(7.15) and (7.18), these ‘canonical” operators read

N Le
(7.25) Gr(X) : TxStxyty — NXSthX
X(XTX)'Q+A — XQ+A,
Gn £
(7.26) Gn(X):  NxStyry — TxStyf,

X(XTxX)"'s +— X8,

where Q € Skew(p), A € R™P with ATX = 0 and S € Sym(p). These mappings have the
following natural extensions to the whole & = R"*P:

(7.27) Gr(X)2) =XX"Z+ (1, -X(X"X)"'x"z,  ZecR™?P,

(7.28) GN(X)Z2):=XX"2Z,  ZecR™P,

With these definitions, we have indeed G (X)Projy = éVT(X)Pron and Gy (X)Projx =
Gn(X)Projx.
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Proposition 7.11. The operators Gr(X) and Gy(X) of (7.27) and (7.28) are symmetric pos-
itive operators on &, definite respectively on € and NxStytx. Formula (7.12) defines thus the
associated metric

(7.29) 9(£, Q) = (€, Projy* Gr(X)Proj x ) + (€, (Projx)** Gy (X)Projx¢)
' = (6 (XX +1, - X(X"X)"'xT)0).

Proof. The symmetry, the positivity of G and G is clear, as well as the definiteness of Gr on
E. The definiteness of Gy on N xSty Ty follows from the inequality

(X(XTX)™1S,Gn(X)X(XTX)7LS) = (X(XTX)71S, XS) = (S,5), VS e Sym(p).

We then find that

Projy’ Gr(X)Projx¢ = Proji [X skew(X ) + (I, — X (X' X) 71X ")(]

= Xskew(X "¢)+ (I, - X(X X)X "),

(Projx)"*Gn(X)Projx¢ = (Projx) ¥ [X sym(X T()] = X sym(X ().
With these formulas, we obtain thus

9(6,¢) = (&, X skew(X () + (I, = X (X TX) 71X 1)) + (¢, X sym(X 7))

= (& (XX T+, - X(XTX)7'XT)0).
O

Since é;_l and é\J;_l are explicit, we can provide explicit formulas for the tangent step
dr(X) = —gradthTXf(X) and the normal step dy(X) = —V4(X) (corresponding to H(X) =
De(X)De(X)*9) in the metric g of (7.29).

Proposition 7.12. With the metric g defined in (7.29), the tangent and normal directions of
the landing algorithm (1.3) read

(7.30) dp(X)=—-X(X"X) tskew((X X)X TV f(X)) — (I, - X(XT X)X Ve f(X),
1

(7.31) dn(X) = =5 X(T, - (XTX)™.

Proof. The inverse of the operators Gr(X) and Gy (X) read obviously

Gr(X)™': NxStTf  — TxStyry

7.32 XTX
( ) XOQO+A — X(XTX)_lﬁ—I—A7
(7.33) é\];(X)_ll TXStj(’fX — NxStyTx

XS — X(XTX)'S.
Formula (7.30) follow from (7.23), and combining (7.33) with the item (ii) of proposition 7.10
yields
1 1
dy(X) = —§X(XTX)*1(XTX — 1) = -5 X(I, - (XTX)™).
U

Remark 7.1. Here, dy(X) is both the Riemannian gradient of the penalty function ¥(X) and
the ‘Newton-like’ direction (7.22) with H(X) = Idg. This happens, according to proposition 4.4,
when Gy (X) = De(X)*$De(X) as operators from NxStx x to TXSt)L(’TgX. This is incidentally
indeed the case here: for any S € Sym(p),

De(X)"De(X)[X (X TX)7'S] = De(X)"F[sym(X T X (X X)7'8)] = De(X)*4[S]

= XS5 =Gn(X)[X(X"X)"'s].
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7.2.3. Construction of the tangent and normal steps based on the B-metric

It turns out that the projectors Projy and Proj§< of (7.13) and (7.14) are exactly the orthog-
onal projectors for the family of B-metric ¢° considered in Goyens et al. (2026):

(7.34) (€0 = ((I- 1 -px 07X ) cxTx0)e),

see Goyens et al. (2026), Proposition 4. The B-metric ¢g° is the pull-back of a generalization of
the canonical metric Edelman et al. (1998) on the Stiefel manifold St to the layered manifold
Styty. We observe, however, that g®(¢,¢) does not coincide with the metric g found in in
(7.29), despite both generate the same family of normal spaces N xSty .

In the next proposition, we show that the S-metric (7.34) is a special case of (7.12) for

particular choices of Gr(X) and Gn(X). Then, we verify that the operators Gr and Gy have
explicit inverses, which is the reason why this famlly of metrics leads to explicit formulas for the
tangent and normal terms dp(X) and dy(X).

Proposition 7.13. Let 5 > 0. The B-metric (7.34) is the metric (7.12) with Gp(X) : € = &
and Gn(X) : € — & being the symmetric operators (with respect to the Euclidean inner product)
defined by

(7.35) Gr(X)[E) = (L, — X(XTX) ' X g+ X (X TX) T X T (X TX)™!

(7.36)  Gn(X)[g = AX(XTX) X Tg(XTX)!

The operator Gp(X) is positive definite on R™"*P and the operator G n(X) is positive definite on
NXStXTX

Proof. Let us denote by IIx := X(XTX)7'XT the projection matrix onto the image space of
X. We observe that for &, € R"*P,

9°(£,¢) = BIxE(X T X) 7 Tx¢) + (I, — Mx)E(X T X) ™, (I, — Tx ().
Consequently,
9” (Projx [¢], Projx[¢]) = (X (X TX) ' skew(X TO)(XTX) ™", X(XTX) " sym(X ()
= (skew(X "), (X' X) ' sym(X TO(XTX) ) =0,

due to the Frobenius orthogonality between skew and symmetric matrices. We have thus re-
trieved the fact that the tangent space T xSt yTx and the normal space NxStyty of (7.15) are
orthogonal for the metric ¢”. This implies in particular that

9°(£,¢) = ¢°(Projx[¢], Projx[(]) + ¢° (Projx €], Projx [C]),
with
9° (Projx[¢], Projx[¢])
= B(llxProjx [¢](X T X) ™!, Projx[¢]) + ((In — ILx)Projx [€](X " X) ™", Projx[¢])
= (Gr(X)Projx[¢], Projx[¢]),
9” (Projx [¢], Projx[¢]) = B(TIxProjy [¢()(X " X) ™!, Projx[(])e
= (GNn(X)Projx [¢], Projx[C]).

Thus, ¢” is the metric g of (7.12) for Gy and Gy defined by (7.35) and (7.36). The positive
definiteness of Gp(X) and Gy (X) are visible from

(Gr(X)[E],€) = BIMxE(XTX) 2|2 + ||(L, — Ix)E(X T X) 73| %,
VS € Sym(p), (Gn(X)[X(XTX) 18], X(XTX)~15)
=BX(X'TX)lS(X X)L X(XTX)7Ls)
= BII(XTX)"2S(X T X) 3|2
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Proposition 7.14. The inverse of the operators
Gr(X) = Projy’ Gr(X)Projx and Gy (X) = (Projx )" Gn(X)Proj,
associated to the B-metric ¢° are explicit and given by

C:'\;p(X)*l: NxSt=€ — — TxStxrx

XTX
(7.37) XQ+A — %XQXTX—i—AXTX,
A x-1 . LE
£
(738) GN(X) : TXStX x — NXStXTX

XS — FXS(XTX),

for any Q € Skew(p), A € R™P with ATX = 0 and S € Sym(p). Consequently, the tangent
and normal directions of the landing algorithm (1.3) with H(X) = DC(X)DC(X)*’QB read

dr(X) = —gradd, _ f(X)

StyTx
(7.39) = ;X skew((X T X)X TV (X)) XX — (L, - X(XTX) ' X Ve f(X) XX,
(7.40)
1 T T
dn(X) = =V e(X) = —%X(X X -I)X'X.

Proof. Using (7.35) and (7.36), we see that CTT(X) and @\];(X) are the operators

Gr(X) : TxStyry — NXSth
XXTX) 04+ A — BX(XTX)MUXTX) ' +AXTX)L,

é\];(X) NxStyty — TXStJ;ZrTgX
X(XTX)™1S +— BXXTX)'S(XTX)™,

whose inverses are obviously given by (7.37) and (7.38). Inserting these formulas into (7.21) and
item (ii) of proposition 7.10 yields the result. O

The reader may verify that (7.39) coincide with the formula derived in Goyens et al. (2026).
In this latter work, the normal term was considered to be the Euclidean gradient dy(X) =
—~Ve9)(X), which corresponds to (7.22) with H(X) = Dc(X)De(X)*¢ (item (iii) of proposi-
tion 7.10).
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