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Abstract. In recent years, an algorithm for optimization under constraints—sometimes called
the landing algorithm—has received increased attention. In this work, we uncover several hid-
den connections between the landing and existing method. We also define the landing in its
full generality, for any choice of metric in the ambient space. We provide the first adaptive step
size selection procedure for the landing, with a line search on a merit function. The landing
has mostly been considered for optimization under orthogonality constraints. We describe sev-
eral choices of ambient metric for orthogonality constraints and relate it with existing version
of the landing. We also numerically charactirize the relevance of the landing against feasible
Riemannian optimization for orthogonality constraints.
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1. Introduction

We observe that the metric g(ξ, ζ) is not a β-metric (4.34) for any value of β, despite both
generate the same family of normal spaces NXStX>X . Let E and F be finite-dimensional vector
spaces of respective dimensions n and m with m < n, and let

f : E → R and c : E → F

be continuously differentiable mappings, possibly nonconvex. We consider the equality-constrained
optimization problem

(P) minimize
x∈E

f(x) subject to c(x) = 0.
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The Euclidean spaces E and F are equiped with inner products 〈 · , · 〉E and 〈 · , · 〉F , as well as
their associated norms ‖ · ‖E and ‖ · ‖F . The feasible set is denoted by

(1.1) M := {x ∈ E : c(x) = 0} .

We also define the quadratic penalty function

(1.2) ψ : E → R, ψ(x) = 1
2 ‖c(x)‖2F .

In the applications of this paper, E and F are thought of as matrix subspaces, but at many
places, we conveniently identify these spaces as E ' Rn and F ' Rm through a proper vectorial
indexing.

Algorithms for (P) fall into the two broad categories of feasible and infeasible methods. In-
feasible methods—which are typically penalty methods—appeared in the 1980’s. They constist
in solving a succesion of unconstrained problems, whose solution eventually converges towards
the solution of the constrained problem. Classical penalty methods include quadratic penalty
methods and augmented Lagrangian methods. Nonsmooth penalty terms are also possible.
Around the year 2000, Riemannian optimization methods appeared (Absil et al., 2008). This
new framework introduced feasible algorithms for optimization problems on smooth Riemann-
ian manifolds. They are a generalization of traditional unconstrained optimization methods,
like gradient descent. More recently, various schemes introduced a bridge between the two ap-
proaches, combining the unconstrained approach with the geometric properties of Riemannian
methods.

In this work, we show that several algorithms that have recently been proposed for (P) are
all particular instances of a broader framework. The framework consists in a choice of metric in
the ambient space.

Contributions and outline

In Section 2, we cover standard differential geometry concepts which connect with constrained
optimization. In Section 3, we present a generalized framework for optimization with equality
constraints, called the Riemannian Landing Method. In Section 3.3, we show that the Sequential
Quadratic Programming method is a particular instance of the RLM, and we show that some
augmented Lagrangian methods with a particular choice of mutlipliers are also part of the RLM
framwork. Finally, in Section ??, we describe several choices of metric for optimization under
orthogonality constraints and discuss their practicality. In the upcoming section, we review
several algorithms recently proposed for (P), and show that many fall within the framework
outline in this work, and correspond to particular choices of metric.

2. Riemannian geometry: notation conventions and assumptions

2.1. Layered manifolds

Consider the following open set:

D = {x ∈ E : rank(Dc(x)) = m},(2.1)

where we denote by Dc the Fréchet derivative of c, namely Dc(x) is the linear map such that

c(x+ h) = c(x) + Dc(x)h+ o(h) with
||o(h)||F
||h||E

→ 0 as ||h||E → 0.

A central observation is that if the set

Mx := {y ∈ E : c(y) = c(x)}

is included in D, then Mx is a smooth manifold. Every Mx is a level curve of the constraint
function c, which we call a layer manifold. To every point x ∈ D is attached the tangent space

(2.2) TxMx = ker Dc(x).
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2.2. Riemannian metric on E

Let g be a Riemannian metric on E , represented by a smoothly varying family of symmetric
positive-definite operators G(x) : E → E such that

(2.3) g(ξ, ζ) = 〈G(x) ξ, ζ〉E , ξ, ζ ∈ E .

The corresponding norm is ‖u‖g =
√
g(u, u) for any u ∈ E . When G(x) = IE is the identity

mapping, the metric coincides with the reference Euclidean inner product 〈 · , · 〉E .
The metric g allows to define several important objects for optimization. First, the metric

defines a normal space to the manifoldMx at x ∈ D,
Ng
xMx := {v ∈ E : g(v, ξ) = 0 for all ξ ∈ TxMx} .(2.4)

Let Df(x) : E → R denote the (Fréchet) differential of f . Through the celebrated Riesz
identification theorem, there are several ways to identify the linear form Df(x) to a vector
playing the role of a gradient. First, for any x ∈ D, the unconstrained Euclidean gradient of f
is the unique element ∇Ef(x) ∈ E such that

〈ξ,∇Ef(x)〉E = Df(x)[ξ] for all ξ ∈ E .
Then, the unconstrained Riemannian gradient of f with respect to the metric g is written ∇gf
and is defined, for every x ∈ D, as the unique element ∇gf(x) ∈ TxD ' E that satisfies

g(∇gf(x), ξ) = Df(x)[ξ] for all ξ ∈ TxD ' E .(2.5)

Finally, the Riemannian metric induces in turn a constrained Riemannian gradient on the man-
ifold Mx, denoted by gradgMx

f . Given x ∈ D, it gradgMx
f(x) is the unique vector in TxMx

satisfying

g(gradgMx
f(x), ξ) = Df(x)[ξ], for all ξ ∈ TxMx.(2.6)

The unconstrained Euclidean and Riemannian gradients are related by the identity

∇gf(x) = G(x)−1∇Ef(x).(2.7)

Moreover, the constrained Riemannian gradient is the orthogonal projection of the unconstrained
Riemannian gradient on the tangent space TxMx:

(2.8) gradgMx
f(x) = Projx,g(∇gf(x)),

where we denote by Projx,g : E → TxMx the orthogonal projection operator onto TxMx ⊕
Ng
xMx. This operator is the unique linear operator satisfying

g(ξ, v − Projx,g(v)) = 0 for all ξ ∈ TxMx and v ∈ E ,(2.9)

see e.g., (Absil et al., 2008, (3.37)).
In the case where g is the Euclidean metric of E , we denote by gradEMx

≡ gradgMx
the

associated constrained gradient which we call constrained Euclidean gradient.

2.3. Metric adjoints and projectors

Given a linear operator A : E → F , the adjoint of A with respect to the inner products of E
and F is the unique operator A∗,E defined by

(2.10) 〈Aξ, y〉F =
〈
ξ, A∗,Ey

〉
E , for all ξ ∈ E , y ∈ F .

The adjoint with respect to the metric g is defined as the unique linear operator A∗,g : F → E
satisfying

(2.11) 〈Aξ, y〉F = g(ξ, A∗,gy), for all ξ ∈ E , y ∈ F .
The adjoint operator A∗,g can be obtained from A∗,E through the identity

(2.12) A∗,g = G(x)−1A∗,E .

An important operator in optimization algorithms is the mapping

Dc(x) Dc(x)∗,g : F → F ,
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which is self-adjoint with respect to the inner product on F and positive definite for x ∈ D. The
right g-pseudoinverse of Dc(x) is defined as the operator

Dc(x)†,g := Dc(x)∗,g (Dc(x) Dc(x)∗,g)−1 : F → E .(2.13)

The g-orthogonal projectors onto TxMx and NxMx read then respectively

(2.14) Projx,g = IdE − (Dc(x))†,g Dc(x), Proj⊥x,g = (Dc(x))†,g Dc(x).

Note that the g-normal space is Ng
xMx = Range Dc(x)∗,g. If V ⊂ E is a subspace of E , we

denote by V ⊥,E ⊂ E its orthogonal subspace with respect to the Euclidean metric of E .

In the particular case where E = Rn and F = Rm, the differential Dc(x) is represented by its
Jacobian matrix

Dc(x) =

∇c1(x)>

...
∇cm(x)>

 ∈ Rm×n,(2.15)

and the Euclidean adjoint of any matrix A ∈ Rm×n is given by the usual transpose A∗,E = A>.

3. The Riemannian landing optimization algorithm

This section defines the landing algorithm as an iterative scheme involving two orthogonal
tangent and normal steps, using the language of Riemannian geometry. We first define it in
Section 3.1 by assuming that an ambient metric field g is given on E . In Section 3.2, we provide
some insights about the structure of the tangent and normal steps by expliciting their dependence
to the orthogonal projectors on TxMx and NxMx and the restrictions of the metric to these
spaces. Finally, we highlight some connections with the SQP and the Augmented Lagrangian
methods in Section 3.3.

3.1. Definitions: tangent and normal steps by first specifying the metric

We now define the landing algorithm for solving (P), where E is viewed as an Euclidean space
equiped with a Riemannian metric g. Given an arbitrary smooth symmetric positive-definite
operator field

H(x) : F → F ,
we consider the iterative scheme

(3.1) xk+1 = xk + αk(u(xk) + v(xk)),

where u and v are respectively the tangent and normal vector fields defined for x ∈ D by

u(x) := − gradgMx
f(x) ∈ TxMx,(3.2)

v(x) := −Dc(x)†,gH(x) c(x) ∈ Ng
xMx.(3.3)

The tangent component u(x) is the constrained Riemannian gradient of f on the manifold
Mx with the metric g. Its role is to decrease the objective function f without increasing the
violation of the constraints.

The normal component v(x) is a vector orthogonal to u(x), whose purpose is to ‘land’ the
iterates xk back towards feasibility by descending along the constraint violation c(x). It is
designed to be a descent direction for the infeasibility measure ψ(x) = ||c(x)||2F/2 (eq. (1.2)).
Indeed, if c(x) 6= 0, it holds

(3.4)

Dψ(x)[v(x)] = 〈Dc(x)[v(x)], c(x)〉F
= −

〈
Dc(x)Dc(x)∗,g (Dc(x)Dc(x)∗,g)−1 H(x) c(x), c(x)

〉
F

= −〈H(x)c(x), c(x)〉F < 0.
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It is readily verified that the normal step v(x) is the minimum norm solution of the undetermined
system Dc(x)[v] = −H(x)c(x), where the norm is taken with respect to g:

v(x) = arg min
v∈E

1

2
‖v‖2g such that Dc(x)[v] = −H(x)c(x).(3.5)

Hence the symmetric operator H(x) gives an explicit control on the normal correction: on
the one hand, it tunes the relative magnitude between the normal step v(xk) and the tangent
step u(xk), on the other hand, its eigenvalues and eigenvectors determine the decay rate of the
components of the constraint violation vector c(x) ∈ F .

Two natural choices for H(x) can be mentioned:
• H(x) = Dc(x) Dc(x)∗,g, whereby v(x) becomes the negative unconstrained Riemannian
gradient of the infeasibility measure ψ(x) = ||c(x)||2F/2 relatively to the metric g:

(3.6) v(x) = −∇gψ(x).

This equality can be inferred from identities (2.5) and (2.11):

g(∇gψ(x), ξ) = Dψ(x)[ξ] = 〈Dc(x)ξ, c(x)〉F = g(Dc(x)∗,gc(x), ξ) ∀ξ ∈ E .

• H(x) = IdF , whereby v(x) becomes the ‘Newton-like’ or ‘pseudoinverse’ step in the
metric g:

(3.7) v(x) = −Dc(x)†,gc(x) = −Dc(x)∗,g (Dc(x) Dc(x)∗,g)−1 c(x).

This choice is natural because the iterative scheme xk+1 = xk − v(xk) converges in that
case quadratically to the feasible setM.

Formula (3.6) leads to the expression considered for the landing algorithm by Gao et al. (2022);
Ablin and Peyré (2022) on the Stiefel manifold, while the ‘Newton-like’ formula (3.7) has been
considered in the projected gradient flow of Yamashita (1980) and the null-space gradient flows
of Feppon et al. (2020).

Although it is less obvious that v(x) can be written as (3.6), we show in Proposition 3.2 below
that it is always possible to redefine the metric g without changing the values of u(x) and v(x)
so that v(x) becomes the negative Riemannian unconstrained gradient of ψ in this redefined
metric g, i.e.

v(x) = −Dc(x)†,gH(x)c(x) = −∇gψ(x).

In other words, defining the normal term as a negative unconstrained Riemannian gradient (3.6)
or as the pseudo inverse step (3.3) leads to the same family of optimization algorithms.

The step length sequence (αk)k∈N in (3.1) plays the role of an adaptive “time-step”. If αk is
constant for any k ∈ N, the iterative algorithm may be interpreted as the discretization of the
ordinary differential equation

(3.8)

ẋ = −u(x)− v(x)

= (IdE −Dc(x)∗,g (Dc(x) Dc(x)∗,g)−1 Dc(x))∇gf(x)

− Dc(x)∗,g (Dc(x)Dc(x)∗,g)−1 H(x) c(x),

which for H(x) = IdF and g ≡ gE the Euclidean metric is exactly the projected gradient flow of
Yamashita (1980) or null space gradient flow of Feppon et al. (2020).

3.2. Definitions of the ambient metric g by first specifying the orthogonality

In the previous subsection, the metric g is defined first, which leads to the formulas (3.2)
and (3.3) for the tangent and normal vector fields. Alternatively, the metric g can be constructed
by first considering a smooth mapping of linear projectors

x 7→ Projx,
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that is, for every x ∈ D, Projx is a linear mapping on E satisfying ProjxProjx = Projx,
Range(Projx) = TxMx and Projx = Id on TxMx. This viewpoint is equivalent to attach-
ing to every x ∈Mx a ‘normal’ space characterized by

NxMx := ker(Projx).

Then, we consider two symmetric operator fields

GT (x) : E → E , GN (x) : E → E ,

required to be positive definite on respectively TxMx and NxMx: there exist gT , gN > 0 such
that

(3.9)
〈ξ,GT (x)ξ〉E ≥ gT ||ξ||2E , ∀ξ ∈ TxMx,

〈ξ,GN (x)ξ〉E ≥ gN ||ξ||2E , ∀ξ ∈ NxMx.

The ambient metric g can then be defined as (2.3) where G(x) : E → E is the block-diagonal
operator

(3.10) G(x) = Proj∗,Ex GT (x)Projx + (Proj⊥x )∗,EGN (x)Proj⊥x ,

where we have denoted by Proj⊥x := IdE − Projx the associated projector on NxMx. Then, by
the definition (3.10) of G(x), it is clear that:

• GT and GN are the restrictions of the metric to the tangent space TxMx and the normal
space NxMx respectively:

(3.11) g(ξ, ζ) = 〈Projxξ,GT (x)Projxζ〉E + 〈Proj⊥x ξ,GN (x)Proj⊥x ζ〉E .

• TxMx and NxMx are g-orthogonal subspaces, and Projx = Projx,g and Proj⊥x = Proj⊥x,g
are the g-orthogonal projectors on the decomposition E = TxMx ⊕NxMx.

We further note that Proj∗,Ex and (Proj⊥x )∗,E are the linear projectors associated to the decom-
position E = NxM⊥,Ex ⊕ TxM⊥,Ex , and that the operators

(3.12)
G̃T := Proj∗,Ex GT (x)Projx : TxMx → (NxMx)⊥,E ,

G̃N := (Proj⊥x )∗,EGN (x)Proj⊥x : NxMx → (TxMx)⊥,E ,

are invertible due to (3.9). We denote by G̃T (x)−1 and G̃N (x)−1 their inverses, and we have
then

(3.13) G(x)−1 = ProjxG̃T (x)−1Proj∗,Ex + Proj⊥x G̃N (x)−1(Proj⊥x )∗,E .

Remark 3.1. It is clear that only the restrictions of GT and GN to respectively the tangent
space TxMx and the normal space NxMx matter in the definition of G(x); the definitions of
GT and GN as operators on the whole set E is motivated by the need to define a smooth metric
field through (3.10).

Remark 3.2. This approach, whereby the differential structure of a manifold is specified by
a differentiable mapping of projectors, has found other applications in Feppon and Lermusiaux
(2019).

The following proposition shows how the tangent and normal step of the landing algorithm
depend on the family of projectors Projx and on the tangent metric GT (x). Remarkably, the
normal step v(x) depends only on the projector Projx, and thus on the choice of orthogonal
normal space NxMx, but not on the particular metric GN defined on NxMx.

Proposition 3.1. The tangent and normal space steps of (3.2) and (3.3) can be rewritten in
terms of the projectors and the tangent metric GT (x) as

u(x) = −G̃T (x)−1Proj∗,Ex ∇Ef(x),(3.14)

v(x) = −Proj⊥x Dc(x)†,EH(x)c(x).(3.15)
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Proof. By (3.2), (2.7), (2.8) and (3.13),

u(x) = −gradgMx
f(x)

= −Projx(G(x)−1∇Ef(x))

= −Projx(ProjxG̃T (x)−1Proj∗,Ex + Proj⊥x G̃N (x)−1(Proj⊥x )∗,E)∇Ef(x)

= −ProjxG̃T (x)−1Proj∗,Ex ∇Ef(x) = −G̃T (x)−1Proj∗,Ex ∇Ef(x).

This proves (3.14). For (3.15), we start by recalling (eq. (2.14)) that

Proj⊥x = Dc(x)†,gDc(x).

Multiplying to the right by Dc(x)†,E and using Dc(x)Dc(x)†,E = IdF , we obtain the following
fundamental identity relating the g– and Euclidean right-pseudoinverses:

Dc(x)†,g = Proj⊥x Dc(x)†,E .

Formula (3.15) follows by substituting this formula into (3.3). �

Despite v(x) does not depend on the metric GN defined on the normal space NxMx, the
following proposition shows that there is actually a natural choice of metric GN for which (3.3)
can be rewritten as a Riemannian gradient v(x) = −∇gψ(x).

Proposition 3.2. The pseudoinverse normal step (3.3) can be rewritten as

v(x) = −∇gψ(x),(3.16)

with ψ(x) = ||c(x)||2F/2 for the metric g defined through (2.3) and (3.10) by setting

GN (x) := Dc(x)∗,EH(x)−1Dc(x),

which defines a symmetric positive-definite operator on NxMx.

Proof. The operator GN (x) is clearly symmetric for the Euclidean inner product. To prove
positive definiteness of GN (x) on NExMx, consider any nonzero ξ ∈ NxMx. We find

〈GN (x)ξ, ξ〉E = 〈Dc(x)∗,EH(x)−1Dc(x)ξ, ξ〉E = 〈H(x)−1Dc(x)ξ, Dc(x)ξ〉F > 0,

since ξ ∈ NExMx, ker Dc(x) ∩ Nx = {0} and H(x)−1 is symmetric definite positive. Thus,
GN (x) � 0 on NxMx and (2.3) does define an metric g on E .

Note now that since ker(Dc(x)) = TxMx and Range(Dc(x)∗,E) = TxM⊥,Ex , we have the
identities

(3.17)
Dc(x)Proj⊥x = Dc(x), Proj∗,Ex Dc(x)∗,E = 0

Dc(x)Projx = 0, (Proj⊥x )∗,EDc(x)∗,E = Dc(x)∗,E .

From (2.7), the unconstrained Riemannian gradient of ψ(x) = ||c(x)||2F/2 is given by

(3.18)

∇gψ(x) = G(x)−1∇Eψ(x) = G(x)−1Dc(x)∗,Ec(x)

=
(

ProjxG̃T (x)−1Proj∗,Ex + Proj⊥x G̃N (x)−1(Proj⊥x )∗,E
)

Dc(x)∗,Ec(x)

= G̃N (x)−1Dc(x)∗,Ec(x),

where we have used the second line of (3.17) in the last equality. It remains to express (3.18) in
pseudoinverse form. We observe that

G̃N (x) = (Proj⊥x )∗,EGN (x)Proj⊥x = (Proj⊥x )∗,EDc(x)∗,EH(x)−1Dc(x)Proj⊥x = Dc(x)∗,EH(x)−1Dc(x).

Right multiplying by Proj⊥x Dc(x)†,E , this implies

G̃N (x)Proj⊥x Dc(x)†,E = Dc(x)∗,EH(x)−1Dc(x)Proj⊥x Dc(x)†,E

= Dc(x)∗,EH(x)−1Dc(x)Dc(x)†,E = Dc(x)∗,EH(x)−1,
7



because of the first line of (3.17). Left multiplying by G̃N (x)−1 : TxM⊥,Ex → NxMx, which is
allowed since Range(Dc(x)∗,E) = TxM⊥,Ex , and right multiplying by H(x), we obtain

(3.19) G̃N (x)−1 Dc(x)∗,E = Proj⊥x Dc(x)†,EH(x).

Combining (3.18) and (3.19) yields (3.16). �

We conclude this part by highlighting that a similar result exists for the tangent term u(x):
the Riemannian Newton step u(x) = −HessgMx

f(x)−1gradgMx
f(x), depends on the projection

operator Projx but is independent of the choice of tangent metricGT (X), and there is a particular
choice of GT (X) for which u(x) = −gradgMx

. We recall that the Riemannian tangent Hessian
HessgMx

f(x) : TxMx → TxMx with respect to the metric g is the unique operator satisfying

D2f(x)(ξ, ζ) = g(HessgMx
f(x)ξ, ζ), ∀ξ, ζ ∈ TxMx.

The Euclidean tangent Hessian HessEMx
f(x) : TxMx → TxMx is the unique operator satisfying

D2f(x)(ξ, ζ) = 〈HessEMx
f(x)ξ, ζ〉E , ∀ξ, ζ ∈ TxMx.

Finally, the Euclidean Hessian HessEf(x) : E → E is the unique operator satisfying

D2f(x)(ξ, ζ) = 〈HessEf(x)ξ, ζ〉E , ∀ξ, ζ ∈ E .

Proposition 3.3. (i) The Riemannian tangent Hessian HessgMx
and the Euclidean tangent

Hessian HessEMx
are related through the formula

(3.20) HessgMx
f(x) = G̃T (x)−1Proj∗,Ex HessEMx

f(x).

(ii) The Riemannian Newton step relatively to the metric g is independent on the choice of the
tangent metric GT (X). More explicitly, if the hessian HessEMx

f(x) is symmetric positive
definite on TxMx,

(3.21) −HessgMx
f(x)−1gradgMx

f(x) = −(Proj∗,Ex HessEMx
f(x)Projx)−1Proj∗,Ex ∇Ef(x),

where (Proj∗,Ex HessEMx
f(x)Projx)−1 denotes the inverse of the operator Proj∗,Ex HessEMx

f(x)Projx :

TxMx → NxM⊥,Ex .
(iii) If HessEMx

is positive definite on TxMx, then redefining the tangent metric as the Euclidean
global Hessian, i.e. setting GT (X) := HessEf(x) : E → E in (3.11), leads to HessgMx

f(x) =
IdTxMx and the tangent step (3.2) becomes the Riemannian Newton step:

u(x) = −gradgMx
f(x) = −HessgMx

f(x)−1gradgMx
f(x).

Proof. (i) We have, for any ξ ∈ TxMx and any ζ ∈ E :

D2f(ξ,Projxζ) = g(HessgMx
f(x)ξ,Projxζ) = 〈GT (x)HessgMx

f(x)ξ,Projxζ〉E ,

and also D2f(ξ,Projxζ) = 〈HessEMx
f(x)ξ,Projxζ)〉E . This yields (3.20) because it implies

Proj∗,Ex HessEMx
f(x) = Proj∗,Ex GT (x)HessgMx

f(x) = Proj∗,Ex GT (x)ProjxHessgMx
f(x)

= G̃T (x)HessgMx
f(x),

(ii) Let ξ = −HessgMx
f(x)−1gradgMx

f(x). By using u(x) = −gradgMx
, (3.14) and the previous

item, we obtain that

HessgMx
f(x)ξ = −gradgMx

f(x) = −G̃T (x)−1Proj∗,Ex ∇Ef(x)

= −G̃T (x)−1Proj∗,Ex HessEMx
Projxξ.

Left multiplying by G̃T (x), we obtain (3.21).
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(iii) SettingGT (x) = HessEf(x) in (3.11) yields G̃T (x) = Proj∗,Ex HessEProjx = Proj∗,Ex HessEMx
Projx,

where the latter equality comes from the fact that for any ξ, ζ ∈ E ,
〈Proj∗,Ex HessEProjxξ, ζ〉E = 〈HessEProjxξ,Projxζ〉E = D2f(x)(Projxξ,Projxζ)

= 〈HessEMx
f(x)Projxξ,Projxζ〉E = 〈Proj∗,Ex HessEMx

f(x)Projxξ, ζ〉E .

Then, HessgMx
f(x) = (Proj∗,Ex HessEMx

f(x)Projx)−1Proj∗,Ex HessEMx
f(x)Projx = IdTxMx . �

This observation makes it possible, through the definition of the tangent metric GT (X), to
incorporate quasi-Newton updates such as BFGS updates for the tangent term.

3.3. Comparison with existing algorithms

3.3.1. Link between the landing algorithm and Sequential Quadratic Programming

A popular sequential quadratic programming (SQP) method considers the iterative sequence

(3.22) xk+1 = xk + αkdk,

where dk is obtained by solving at each iteration the quadratic program

(3.23)
dk := arg min

d∈E
f(xk) + 〈d,∇Ef(xk)〉E +

1

2
〈d,Bkd〉E

subject to Dc(xk)d+ c(xk) = 0,

for some symmetric positive definite operator Bk : E → E that approximates ∇2
EL(xk, λk),

where λk ∈ F are Lagrange multipliers and the Lagrangian is defined as

L(x, λ) = f(x)− 〈λ, c(x)〉F .
This method is convergent under mild assumptions on the selection of symmetric positive-definite
matrices Bk. In the particular case where Bk = ∇2L(x, λ), it achieves quadratic convergence
around a KKT point for a unit step size. Globalization procedures also exist, based on merit
functions or filters (Nocedal and Wright, 2006, chap. 18).

The following proposition shows that the SQP iterations (3.22) form a particular instance
of the Riemannian landing method (3.1). We note that related result can be found stated in
different forms in the optimization literature. See for instance (Feppon, 2024, Proposition 1).
The proof is provided for completeness.

Proposition 3.4. Suppose that Bk is a symmetric positive definite operator on TxkMxk . Then,
there exists a symmetric positive definite operator G(xk) : E → E representing a metric inner
produc g through (2.3), such that, if xk ∈ D, the SQP direction dk of (3.23) is given by

(3.24) dk = −gradgMxk
f(xk)−Dc(xk)

†,gc(xk).

In other words, the SQP direction dk and the Riemannian landing direction u(xk) + v(xk) (eq.
(3.2) and (3.3)) coincide at every step k for the metric induced by Bk on the tangent space
TxkMxk , the choice H(xk) := IdF for the normal component.

Proof. We construct the metric field g by following the construction of Section 3.2. Consider
the space NxkMxk defined as the E-orthogonal space of BkTxkMxk :

NxkMxk := (BkTxkMxk)⊥,E .

Because Bk is symmetric definite positive, we have the space decomposition E = TxkMxk ⊕
NxkMxk . Consider then Projxk to be the projector on TxkMxk whose kernel is NxkMxk . We
consider g to be the metric satisfying g(ξ, ζ) := 〈G(xk)ξ, ζ〉E , where G(xk) is given by (3.10)
with GT (xk) := Bk as the restricted metric on the tangent space TxkMxk , and any positive
definite operator GN (xk) on the normal space NxkMxk .

We observe that any d satisfying Dc(xk)d+ c(xk) can be written as

d = u+ v(xk),
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with v(xk) = −Dc(xk)
†,gc(xk) and u ∈ TxkMxk . The minimizer of (3.23) is dk = uk + v(xk)

with uk the solution to the quadratic unconstrained minimization problem

(3.25) uk = arg min
u∈TxkMxk

f(xk) + 〈u+ v(xk),∇Ef(xk)〉E +
1

2
〈u+ v(xk), Bk(u+ v(xk))〉E .

We further note that for u ∈ TxkMxk ,

〈u,∇Ef(xk)〉E = 〈Projxku,∇Ef(xk)〉E = 〈u,Proj∗,Exk ∇Ef(xk)〉E ,

and since v(xk) ∈ NxkMxk = (GT (x)TxMx)⊥,E ,

〈u+ v(xk), Bk(u+ v(xk))〉E = 〈u,Bku〉E + 2〈u,Bkv(xk)〉E + 〈v(xk), Bkv(xk)〉E
= 〈u,GT (xk)u〉E + 2〈v(xk), GT (xk)u(xk)〉E + 〈v(xk), Bkv(xk)〉E
= 〈u,GT (xk)u〉E + 〈v(xk), Bkv(xk)〉E .

Consequently, by eliminating constant terms, the solution uk to (3.25) is also the minimizer of
the quadratic problem

(3.26) uk = arg min
u∈TxkMxk

〈u,Proj∗,Exk ∇Ef(xk)〉E +
1

2
〈u, G̃T (xk)u〉E ,

where G̃T (xk) : TxkMxk → N⊥,Exk is the operator defined in (3.12). The solution of this quadratic
program is uk = −G̃T (xk)

−1Proj∗,Exk ∇Ef(xk), which is exactly u(xk) according to Proposition 3.1.
�

Remark 3.3. An alternative, more algebraic proof can be obtained if one assumes Bk to be
symmetric positive definite on E rather than only on the tangent space TxkMxk . The KKT
condition for (3.23) states that there exists a Lagrange multiplier λk ∈ F such that the minimizer
dk reads

(3.27) dk = −B−1k ∇Ef(xk) +B−1k Dc(xk)
∗,Eλk.

Inserting this expression into Dc(xk)dk = −c(xk), we infer that

Dc(xk)dk = −c(xk) = −Dc(xk)B
−1
k ∇Ef(xk) + Dc(xk)B

−1
k Dc(xk)

∗,Eλk.

Since Dc(xk) is full rank and B−1k is assumed to be invertible, the operator Dc(xk)B
−1
k Dc(xk)

∗,E

is symmetric positive definite and λk is given by

λk = −(Dc(xk)B
−1
k Dc(xk)

∗,E)−1c(xk) + (Dc(xk)B
−1
k Dc(xk)

∗,E)−1Dc(xk)B
−1
k ∇f(xk).

Substituting this expression into (3.27) yields

(3.28) dk = −
(

In −B−1k Dc(xk)
∗,E(Dc(xk)B−1k Dc(xk)

∗,E)−1Dc(xk))B−1k ∇Ef(xk)

−B−1k Dc(xk)
∗,E(Dc(xk)B−1k Dc(xk)

∗,E)−1c(xk),
which is (3.24) with the metric g(ξ, ζ) := 〈ξ,Bkζ〉.

3.3.2. Interpretation of the landing algorithm as an augmented Lagrangian method

We conclude this section by remarking that the landing algorithm (3.1) can also be interpreted
as an augmented Lagrangian method with a particular choice of multipliers. Consider the
iterative scheme

(3.29) xk+1 = xk − αk∇gLβ(xk, λk),

with the augmented Lagrangian Lβ given by

Lβ(x, λ) = f(x) + 〈λ, c(x)〉F +
β

2
‖c(x)‖2E .

In (3.29), the unconstrained Riemannian gradient ∇gLβ is taken with respect to the variable x.
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Proposition 3.5. The Augmented Lagrangian iteration (3.29) coincides with the Riemannian
landing iteration (3.1) by setting λk as the least-squares multiplier

(3.30) λk := arg min
λ∈F
‖∇gf(xk)−Dc(xk)

∗,gλ‖2F = (Dc(xk)Dc(xk)
∗,g)−1Dc(xk)∇gf(xk).

and H(x) := βDc(x)Dc(x)∗,g.

Proof. The unconstrained Riemannian gradient of Lβ with respect to x at x = xk reads

∇gLβ(xk, λk) = ∇gf(xk) + Dc(xk)
∗,gλk + βDc(xk)

∗,gc(xk)

= (IdE −Dc(xk)
∗,g(Dc(xk)Dc(xk)

∗,g)−1Dc(xk))∇gf(xk) + βDc(xk)
∗,gc(xk).

Using (2.8) and (3.3) with H(x) = βDc(x)Dc(x)∗,g, we obtain ∇gLβ(xk, λk) = gradgMx
f(xk) +

v(xk). �

Thus, the landing algorithm with the Euclidean metric gE and H(x) = βDc(x)Dc(x)∗,g, as
considered e.g. in Gao et al. (2022); Ablin and Peyré (2022), is an augmented Lagrangian method
with the penalty parameter β is constant throughout iterations and the Lagrange multipliers λk
being the least-squares multipliers, and for which the minimization of the augmented Lagrangian
subproblem consists in a single gradient step.

4. Geometric design of tangent and normal terms for the landing algorithm
with orthogonality constraints

A natural application for the landing algorithm is optimization with orthogonality constraints,
such as

minimize
X∈Rn×p

f(X) subject to X>X = Ip,(4.1)

where p ≤ n. The feasible set—called the Stiefel manifold—consists of rectangular matrices
with orthonormal columns

M≡ St(n, p) := {X ∈ Rn×p |X>X = Ip}.
The function that defines the constraints is

c : Rn×p → Sym(p) : c(X) =
1

2
(X>X − Ip).(4.2)

Thus, we have an instance of (P) with E = Rn×p and F = Sym(p), the set of symmetric
matrices of size p. The spaces E and F are equiped with the standard Frobenius inner product
〈 · , · 〉E and 〈 · , · 〉F . In all what follows, we drop the subscript notation · E and · F when writing
matrix Frobenius inner products or norms, in particular, for two matrices of same size X and
Y , 〈X,Y 〉 = trace(X>Y ) and ||X||2 = 〈X,X〉. Let Rn×p∗ denote the matrices size n × p with
full rank. We write Sym(p) = {S ∈ Rp×p|S> = S} and Skew(p) = {Ω ∈ Rp×p|Ω> = −Ω}, and
sym(A) = (A+A>)/2 and skew(A) = (A−A>)/2.

The squared infeasibility for the problem (4.1) reads

ψ(X) =
1

2
||c(X)||2 =

1

4
||X>X − Ip||2,

where Ip is the identity matrix of Rp×p. The set D of (2.1) is the set of full rank matrices
X ∈ Rn×p∗ and the layer manifoldMX is

MX ≡ StX>X :=
{
Y ∈ Rn×p : Y >Y = X>X

}
.

In this section, we demonstrate how the choice of the family of normal spaces X → NXStX>X
is crucial to lead to efficient computations of the tangent and normal terms of the landing
algorithm (3.1). To illustrate this claim, we first consider the family of normal spaces orthogonal
to the tangent spaces with respect to the Euclidean Frobenius inner product. Although this
choice is natural, computing the corresponding orthogonal projections is expensive because it
requires solving Sylvester equations. We then take the reverse approach of first introducing an
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alternative family of normal spaces with associated projection operators that can be computed
explicitly, and second designing the tangent and the normal metric that lead to explicit and thus
more exploitable formulas for the landing algorithm on the Stiefel manifold.

The starting point is to recall the characterization of the tangent space to StX>X atX ∈ Rn×p∗ .
We emphasize that this set does not depend on the metric.

Proposition 4.1 (Gao et al. (2022); Goyens et al. (2025)). The tangent space of StX>X at X
is the set

TXStX>X = {ξ ∈ Rn×p | ξ>X +X>ξ = 0}(4.3)

= {X(X>X)−1Ω + ∆ |Ω ∈ Skew(p), ∆ ∈ Rn×p with ∆>X = 0}(4.4)
= {WX |W ∈ Skew(n)},(4.5)

with dimension np− p(p+ 1)/2.

4.1. Landing algorithm for the Euclidean metric

We first outline the derivation of the tangent and normal steps (3.2) and (3.3) when g ≡ gE

is the Euclidean or Frobenius inner product metric:

gE(ξ, ζ) = 〈ξ, ζ〉 ∀ξ, ζ ∈ Rn×p.

The tangent and normal vector fields (3.2) and (3.3), with respect to the Euclidean metric, are
given by

u(X) = −ProjX,E [∇Ef(X)],(4.6)

v(X) = −Dc(X)†,E [H(X)[c(X)]](4.7)

where brackets denote the action of linear operators on matrix spaces.

In what follows, we compute these two directions explicitly. Note that the orthogonal projector
ProjX,E can be obtained through the characterization (2.9), as is commonly done in the literature
on Riemannian optimization Absil et al. (2008). However, since the formula for v(X) also
requires the computation of the pseudoinverse Dc(X)†,E , we instead propose to compute it using
the explicit relation ProjX,E = IdE − Dc(X)†,EDc(X). As we shall see, the main difficulty in
computing this projection lies in inverting the symmetric operator (Dc(X)Dc(X)∗,E)−1 that
appears in the pseudoinverse formula Dc(X)†,E = Dc(X)∗,E(Dc(X)Dc(X)∗,E)−1. Let us start by
evaluating Dc(X) and Dc(X)∗,E .

Proposition 4.2. The operator Dc(X) : Rn×p → Sym(p) and its adjoint Dc(X)∗,E : Sym(p)→
Rn×p read:
(i) Dc(X)[ξ] = 1

2(X>ξ + ξ>X) = sym(X>ξ) for all ξ ∈ Rn×p,
(ii) Dc(X)∗,E [S] = XS for all S ∈ Sym(p).

Proof. The point (i) is obvious in view of (4.2). For (ii), we write, for any S ∈ Sym(p) and
ξ ∈ Rn×p,

〈ξ,Dc(X)∗,E [S]〉 = 〈Dc(X)[ξ], S〉 = 〈sym(X>ξ), S〉 = 〈X>ξ, S〉 = 〈ξ,XS〉.

�

We infer the following characterization of the normal space NEXStX>X = Range(Dc(X)∗,E), and
in the next proposition, that evaluating the pseudoinverse Dc(X)†,E requires solving a Sylvester
equation.

Corollary 4.3. The normal space of StX>X at X ∈ Rn×p∗ with respect to the Euclidean metric
gE is

(4.8) NEXStX>X = {XS |S ∈ Sym(p)}.
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Proposition 4.4. The pseudoinverse Dc(X)†,E : Sym(p)→ Rn×p is the operator defined by

Dc(X)†,E [T ] = XS, ∀T ∈ Sym(p),

where S is the unique solution in Sym(p) to the Sylvester equation

(4.9)
1

2
(X>XS + SX>X) = T.

Proof. From Proposition 4.2, it is readily seen that

Dc(X)Dc(X)∗,E [S] =
1

2
(X>XS + SX>X),

from where these results follow easily. �

Consequently, the computation of the tangent and the normal terms of the landing algorithm
require, in full generality, solving Sylvester equations.

Corollary 4.5. (i) The tangent term (4.6) of the landing algorithm (3.2) with respect to the
Euclidean metric given by

(4.10) u(X) = −ProjX,E [∇E(f(X))] = −∇Ef(X) +XS, ∀Z ∈ Rn×p,

where S is the unique solution in Sym(p) to the Sylvester equation (4.9) with T = sym(X>∇Ef(X)).
(ii) The normal vector field (4.7) is given by v(X) = −XS, where S is the solution to the

Sylvester equation (4.9) with T = 1
2H(X)[X>X − Ip].

Proof. These results are obtained by using Proposition 4.4 and formula (2.14) for the projection
operator ProjX,E . �

In the general case, we mention that the solution can be calculated from the singular value
decomposition of X. The following result is classical and may be found e.g. in Li and Zhou
(2018).

Lemma 4.6. Let S ∈ Rp×p be a symmetric positive definite matrix and T ∈ Rp×p be an arbitrary
matrix. Let X =

∑p
i=1 σiuiv

>
i be the singular value decomposition of X with singular values

σ1 ≥ σ2 ≥ . . . ≥ σp > 0, left and right singular vectors (ui)1≤i≤p and (vi)1≤i≤p. The unique
solution S ∈ Rp×p to the Sylvester equation (4.9) is given by

S =
1

2

∑
1≤i≤j≤p

v>i Tvj
σ2i + σ2j

(viv
>
j + vjv

>
i ).

However, when T = Q(X>X) with Q an analytic function, the solution to the Sylvester
equation (4.9) is explicitly given by

S = Q(X>X)(X>X)−1.

This observation leads to explicit formulas for the normal field v(X) for two particular values of
the operator H(X) : Sym(p)→ Sym(p).

Proposition 4.7. (i) If H(X) = IdF , then v(X) = −1
2X(Ip − (X>X)−1).

(ii) if H(X) = Dc(X)Dc(X)∗,E , then v(X) = −∇Eψ(X) = −X(X>X − Ip).

Proof. For H(X) = IdF , v(X) = −XS with S being the solution to (4.9) with T = Q(X>X)
with Q(x) = 1

2(x − 1). The solution is S = (Ip − (X>X)−1)/2, which yields (i). For H(X) =

Dc(X)Dc(X)∗,E , (ii) can be found directly by using the identity v(X) = −∇Eψ(X) with ψ(X) =
1
4 ||X

>X−Ip||2F . It is instructive, however, to retrieve this result from the result of Corollary 4.5.
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We have in this case that S is the solution to (4.9) the right-hand side T given by

T =
1

2
Dc(X)Dc(X)∗,E [X>X − Ip]

=
1

2
[X>(XX>X −X) + (X>XX> −X>)X]

= (X>X)2 −X>X

= Q(X>X) with Q(x) = x2 − x.

Hence, the solution to the Sylvester equation (4.9) is S = (X>X − Ip), which yields indeed
(ii). �

To summarize, the execution of the landing algorithm (3.2) for minimizing a function on
the Stiefel manifold using the Euclidean metric gE to define the tangent and the normal terms
u(X) and v(X) requires to solve a Sylvester equation for computing the tangent term at every
iteration, which is potentially costly.

4.2. Metric design based on an explicit choice of projection operators

In this section, we adopt the reverse approach: instead of first defining the metric g and
then deducing the associated tangent and normal terms u(X) and v(X) via (3.2) and (3.3), we
begin by choosing first an explicit family of projection operators ProjX onto the tangent space
TXStX>X , or equivalently, a family of normal spaces X 7→ NXStX>X . This step is outlined in
details in Section 4.2.1. In the second step, we construct explicit operators

(4.11) G̃T (X) : TXStX>X → NXSt⊥,E
X>X

, G̃N (X) : NXStX>X → TXStX>X ,

each admitting explicit inverses. This construction defines the metric a posteriori through (3.11):

(4.12) g(ξ, ζ) = 〈G̃T (X)ProjX [ξ], ζ〉+ 〈G̃N (X)Proj⊥X [ξ], ζ〉.
Moreover, these explicit inverses provide closed-form expressions for the tangent and normal
terms of the landing algorithm via (3.14) and (3.15).

We consider two possible definitions of G̃T and G̃N for this second step. In Section 4.2.2, we
consider a canonical choice for these mappings, which leads to the definition of a new metric g on
Rn×p∗ and new formulas for the landing algorithm for the optimization problem (4.1). Then, in
Section 4.2.3, we consider instead the family of β-metrics gβ introduced in Goyens et al. (2025),
which includes for β = 1

2 the pulled-back canonical metric for the layered Stiefel manifold studied
in Gao et al. (2022). We show that this family of metric is associated to the proposed family
of normal spaces X 7→ NXStX>X considered in the first step, with a particular choice of G̃T
and G̃N . These operators turn to admit explicit inverses, thereby highlighting why closed-form
formulas for u(X) and v(X) are also available in this case.

4.2.1. Choice of oblique projection operators and associated normal spaces

Recalling that any tangent vector ξ ∈ TXStX>X can be written as

ξ = X(X>X)−1Ω + ∆ with Ω ∈ Skew(p),

any matrix Z ∈ Rn,p can be naturally decomposed as

Z = X(X>X)−1X>Z + (In −X(X>X)−1X>)Z

= X(X>X)−1 skew(X>Z) + (In −X(X>X)−1X>)Z +X(X>X)−1 sym(X>Z)

= ProjX [Z] + Proj⊥X [Z],

where ProjX and Proj⊥X are the operators defined by

ProjX [Z] := X(X>X)−1 skew(X>Z) + (In −X(X>X)−1X>)Z,(4.13)

Proj⊥X [Z] := IdE − ProjX(Z) = X(X>X)−1 sym(X>Z).(4.14)
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It is straightforward to verify that ProjX and Proj⊥X are linear (oblique) projectors. In view of
(4.14), it is clear that this choice of projectors corresponds to attaching to TXStX>X the normal
space

(4.15) NXStX>X := Range(Proj⊥X) = {X(X>X)−1S |S ∈ Sym(p)},

to be compared with (4.8). Given any symmetric operators GT (X) : E → E and GN (X) : E →
E , positive definite on respectively TXStX>X and NXStX>X , ProjX and Proj⊥X are orthogonal
projectors for the metric (4.12) with

G̃T (X) = Proj∗,EX GT (X)ProjX , G̃N (X) = (Proj⊥X)∗,EGN (X)Proj⊥X .

The following proposition provides expressions for the Euclidean adjoints of the tangent projec-
tion ProjX and Proj⊥X .

Proposition 4.8. The adjoint operators Proj∗,EX and (Proj⊥X)∗,E of the projection operators
ProjX and Proj⊥X—with respect to the Euclidean inner product—are given by

(4.16) Proj∗,EX [Z] = X skew((X>X)−1X>Z) + (In −X(X>X)−1X>)Z, Z ∈ Rn×p,

(4.17) (Proj⊥X)∗,E [Z] = X sym((X>X)−1X>Z), Z ∈ Rn×p.

In particular, the Euclidean orthogonal spaces of the tangent and normal spaces are

(4.18) (TXStX>X)⊥,E = Range((Proj⊥X)∗,E) = {XS |S ∈ Sym(p)},

(4.19)
(NXStX>X)⊥,E = Range(Proj∗,EX ) = {XΩ + ∆ |Ω ∈ Skew(p) and ∆ ∈ Rn×p with X>∆ = 0}.

Proof. By using the self-adjointness of the operators X(X>X)−1X> and skew, we have for any
ξ, ζ ∈ Rn×p,

〈ProjX [ξ], ζ〉 = 〈X(X>X)−1 skew(X>ξ), ζ〉+ 〈(In −X(X>X)−1X>)ξ, ζ〉

= 〈skew(X>ξ), (X>X)−1X>ζ〉+ 〈ξ, (In −X(X>X)−1X>)ζ〉

= 〈X>ξ, skew((X>X)−1X>ζ)〉+ 〈ξ, (In −X(X>X)−1X>)ζ〉

= 〈ξ,X skew((X>X)−1X>ζ) + (In −X(X>X)−1X>)ζ〉.

Formula (4.17) can be obtained identically, or from (Proj⊥X)∗,E = IdE − Proj∗,EX . �

We mention the following characterization of the adjoint of the operator Dc(X) with respect
to the metric g defined in (4.12).

Proposition 4.9. For any S ∈ Sym(p),

Dc(X)∗,g[S] = G̃N (X)−1[XS],

where G̃N (X)−1 : (TXStX>X)⊥,E → NXStX>X is the inverse of the operator G̃N defined in
(3.12).

Proof. Due to (2.12) and Proposition 4.2:

(4.20) Dc(X)∗,g[S] = G(X)−1Dc(X)∗,E [S] = G(X)−1[XS].

Then, in view of Proposition 4.8, Proj∗,EX [XS] = 0 and (Proj⊥X)∗,E [XS] = XS. The result follows
by applying (3.13) to (4.20). �

From Section 3.2, the tangent and normal steps of the landing algorithm (3.2) read

u(X) = −G̃T (X)−1Proj∗,EX [∇Ef(X)],(4.21)

v(X) = −Proj⊥XDc(X)†,EH(X)[c(X)].(4.22)
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The operators G̃T (X)−1 and H(X) can be freely chosen by the user which gives some latitude
for the computation of u(X) and v(X), and which have rather clear physical interpretations.
We obtain the following formulas for u(X) and v(X).

Proposition 4.10. The tangent and normal terms (eq. (4.21) and (4.22)) of the landing algo-
rithm (3.2) relatively to the metric (4.12) are given by

u(X) = −G̃T (X)−1[X skew((X>X)−1X>∇Ef(X)) + (In −X(X>X)−1X>)∇Ef(X)],(4.23)

v(X) = −X(X>X)−1 sym(X>XS),(4.24)

where S is the solution to the Sylvester equation (4.9) with T = 1
2H(X)[X>X − Ip]. The

expression of v(X) becomes explicit in the following cases:
(i) if H(X) = IdE , it reads v(X) = −1

2X(Ip − (X>X)−1);

(ii) if H(X) = Dc(X)Dc(X)∗,g, it reads v(X) = −1
2G̃N (X)−1[X(X>X − Ip)];

(iii) if H(X) = Dc(X)Dc(X)∗,E , it reads v(X) = −X(X>X − Ip).

Proof. Formula (4.23) follows immediately from (4.21) and (4.16). Formula (4.24) is obtained
by combining (4.22) and the result of (4.6). For the cases (i) and (iii), we observe that due to
(4.22),

v(X) = Proj⊥X [v(X)E ]

where v(X)E is the corresponding normal direction obtained in Proposition 4.7. Since

X(Ip − (X>X)−1) = X(X>X)−1(X>X − Ip) ∈ NXStX>X ,

X(X>X − Ip) = X(X>X)−1((X>X)2 −X>X) ∈ NXStX>X ,

we have in both cases v(X) = v(X)E , which proves (i) and (iii). Finally,H(X) = Dc(X)Dc(X)∗,g

implies that v(X) = −Dc(X)∗,gc(X), which yields (ii) after using Proposition 4.9. �

It remains to choose the operator G̃T (X)−1 in (4.23), and the operator G̃N (X)−1 if one
chooses (ii) for the normal direction.

4.2.2. Construction of the tangent and normal steps based on canonical tangent and normal
metric representers

In this section, we remark that there is a natural choice of operators G̃T (X) : TXStX>X →
NXSt⊥,E

X>X
and G̃N (X) : NXStX>X → TXSt⊥,E

X>X
with explicit inverses G̃T (X)−1 and G̃N (X)−1,

leading to explicit expressions for the tangent and normal steps (4.23) and (4.24). Recalling (4.4)
and (4.19), and (4.15) and (4.18), these ‘canonical’ operators read

(4.25) G̃T (X) : TXStX>X −→ NXSt⊥,E
X>X

X(X>X)−1Ω + ∆ 7−→ XΩ + ∆,

(4.26) G̃N (X) : NXStX>X −→ TXSt⊥,E
X>X

X(X>X)−1S 7−→ XS,

where Ω ∈ Skew(p), ∆ ∈ Rn×p with ∆TX = 0 and S ∈ Sym(p). These mappings have the
following natural extensions to the whole E = Rn×p:

(4.27) GT (X)[Z] := XX>Z + (In −X(X>X)−1X>)Z, Z ∈ Rn×p,

(4.28) GN (X)[Z] := XX>Z, Z ∈ Rn×p.

With these definitions, we have indeed GT (X)ProjX = G̃T (X)ProjX and GN (X)Proj⊥X =

G̃N (X)Proj⊥X .
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Proposition 4.11. The operators GT (X) and GN (X) of (4.27) and (4.28) are symmetric pos-
itive operators on E, definite respectively on E and NXStX>X . Formula (4.12) defines thus the
associated metric

(4.29)
g(ξ, ζ) = 〈ξ,Proj∗,EX GT (X)ProjXζ〉+ 〈ξ, (Proj⊥X)∗,EGN (X)Proj⊥Xζ〉

= 〈ξ, (XX> + In −X(X>X)−1X>)ζ〉.

Proof. The symmetry, the positivity of GT and GN is clear, as well as the definiteness of GT on
E . The definiteness of GN on NXStX>X follows from the inequality

〈X(X>X)−1S,GN (X)X(X>X)−1S〉 = 〈X(X>X)−1S,XS〉 = 〈S, S〉, ∀S ∈ Sym(p).

We then find that

Proj∗,EX GT (X)ProjXζ = Proj∗,EX [X skew(X>ζ) + (In −X(X>X)−1X>)ζ]

= X skew(X>ζ) + (In −X(X>X)−1X>)ζ,

(Proj⊥X)∗,EGN (X)Proj⊥Xζ = (Proj⊥X)∗,E [X sym(X>ζ)] = X sym(X>ζ).

With these formulas, we obtain thus

g(ξ, ζ) = 〈ξ,X skew(X>ζ) + (In −X(X>X)−1X>)ζ〉+ 〈ξ,X sym(X>ζ)〉

= 〈ξ, (XX> + In −X(X>X)−1X>)ζ〉.

�

Since G̃T
−1

and G̃N
−1

are explicit, we can provide explicit formulas for the tangent step
u(X) = −gradgSt

X>X
f(X) and the normal step v(X) = −∇gψ(X) (corresponding to H(X) =

Dc(X)Dc(X)∗,g) in the metric g of (4.29).

Proposition 4.12. With the metric g defined in (4.29), the tangent and normal directions of
the landing algorithm (3.2) read

u(X) = −X(X>X)−1 skew((X>X)−1X>∇Ef(X))− (In −X(X>X)−1X>)∇Ef(X),(4.30)

v(X) = −1

2
X(Ip − (X>X)−1).(4.31)

Proof. The inverse of the operators G̃T (X) and G̃N (X) read obviously

(4.32) G̃T (X)−1 : NXSt⊥,E
X>X

−→ TXStX>X
XΩ + ∆ 7−→ X(X>X)−1Ω + ∆,

(4.33) G̃N (X)−1 : TXSt⊥,E
X>X

−→ NXStX>X
XS 7−→ X(X>X)−1S.

Formula (4.30) follow from (4.23), and combining (4.33) with the item (ii) of Proposition 4.10
yields

v(X) = −1

2
X(X>X)−1(X>X − Ip) = −1

2
X(Ip − (X>X)−1).

�

Remark 4.1. Here, v(X) is both the Riemannian gradient of the penalty function ψ(X) and
the ‘Newton-like’ direction (4.22) with H(X) = IdE . This happens, according to Proposition 3.2,
when G̃N (X) = Dc(X)∗,EDc(X) as operators from NXStX>X to TXSt⊥,E

X>X
. This is incidentally

indeed the case here: for any S ∈ Sym(p),

Dc(X)∗,EDc(X)[X(X>X)−1S] = Dc(X)∗,E [sym(X>X(X>X)−1S)] = Dc(X)∗,E [S]

= XS = G̃N (X)[X(X>X)−1S].
17



4.2.3. Construction of the tangent and normal steps based on the β-metric

It turns out that the projectors ProjX and Proj⊥X of (4.13) and (4.14) are exactly the orthog-
onal projectors for the family of β-metric gβ considered in Goyens et al. (2025):

(4.34) gβ(ξ, ζ) =
〈(

I− (1− β)X(X>X)−1X>
)
ζ(X>X)−1, ξ

〉
,

where it was shown (Goyens et al., 2025, Proposition 4) that ProjX is indeed the orthogonal
projection for gβ on the tangent space. The β-metric gβ is the pull-back of a generalization of
the canonical metric Edelman et al. (1998) on the Stiefel manifold St to the layered manifold
StX>X .

In the next proposition, we show that the β-metric (4.34) is a special case of the metric (4.12)
for particular choices of GT (X) and GN (X). Then, we verify that the operators G̃T and G̃N
have explicit inverses, which is the reason why this family of metrics leads to explicit formulas
for the tangent and normal terms u(X) and v(X).

Proposition 4.13. Let β > 0. The β-metric (4.34) is the metric (4.12) with GT (X) : E → E
and GN (X) : E → E being the symmetric operators (with respect to the Euclidean inner product)
defined by

GT (X)[ξ] := ((In −X(X>X)−1X>)ξ + βX(X>X)−1X>ξ)(X>X)−1,(4.35)

GN (X)[ξ] := βX(X>X)−1X>ξ(X>X)−1.(4.36)

The operator GT (X) is positive definite on Rn×p and the operator GN (X) is positive definite on
NXStX>X .

Proof. Let us denote by ΠX := X(X>X)−1X> the projection matrix onto the image space of
X. We observe that for ξ, ζ ∈ Rn×p,

gβ(ξ, ζ) = β〈ΠXξ(X
>X)−1,ΠXζ〉+ 〈(In −ΠX)ξ(X>X)−1, (In −ΠX)ζ〉.

Consequently,

gβ(ProjX [ξ],Proj⊥X [ζ]) = 〈X(X>X)−1 skew(X>ξ)(X>X)−1, X(X>X)−1 sym(X>ζ)〉

= 〈skew(X>ξ), (X>X)−1 sym(X>ζ)(X>X)−1〉 = 0,

due to the Frobenius orthogonality between skew and symmetric matrices. We have thus re-
trieved the fact that the tangent space TXStX>X and the normal space NXStX>X of (4.15) are
indeed orthogonal for the metric gβ . This implies in particular that

gβ(ξ, ζ) = gβ(ProjX [ξ],ProjX [ζ]) + gβ(Proj⊥X [ξ],Proj⊥X [ζ]),

with
gβ(ProjX [ξ],ProjX [ζ])

= β〈ΠXProjX [ξ](X>X)−1,ProjX [ζ]〉+ 〈(In −ΠX)ProjX [ξ](X>X)−1,ProjX [ζ]〉
= 〈GT (X)ProjX [ξ],ProjX [ζ]〉,

gβ(Proj⊥X [ξ],Proj⊥X [ζ]) = β〈ΠXProjX [ξ](X>X)−1,ProjX [ζ]〉E
= 〈GN (X)ProjX [ξ],ProjX [ζ]〉.

Thus, gβ is the metric g of (4.12) for GT and GN defined by (4.35) and (4.36). The positive
definiteness of GT (X) and GN (X) are visible from

〈GT (X)[ξ], ξ〉 = β||ΠXξ(X
>X)−

1
2 ||2 + ||(In −ΠX)ξ(X>X)−

1
2 ||2,

∀S ∈ Sym(p), 〈GN (X)[X(X>X)−1S], X(X>X)−1S〉

= β〈X(X>X)−1S(X>X)−1, X(X>X)−1S〉

= β||(X>X)−
1
2S(X>X)−

1
2 ||2.

�
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Proposition 4.14. The inverse of the operators

G̃T (X) = Proj∗,EX GT (X)ProjX and G̃N (X) = (Proj⊥X)∗,EGN (X)Proj⊥X ,

associated to the β-metric gβ are explicit and given by

(4.37) G̃T (X)−1 : NXSt⊥,E
X>X

−→ TXStX>X
XΩ + ∆ 7−→ 1

βXΩX>X + ∆X>X,

(4.38) G̃N (X)−1 : TXSt⊥,E
X>X

−→ NXStX>X
XS 7−→ 1

βXS(X>X),

for any Ω ∈ Skew(p), ∆ ∈ Rn×p with ∆>X = 0 and S ∈ Sym(p). Consequently, the tangent
and normal directions of the landing algorithm (3.2) with H(X) = Dc(X)Dc(X)∗,g

β read

u(X) = −gradg
β

St
X>X

f(X)

= − 1

β
X skew

(
(X>X)−1X>∇Ef(X)

)
X>X − (In −X(X>X)−1X>)∇Ef(X)X>X,(4.39)

v(X) = −∇gβψ(X)

= − 1

2β
X(X>X − Ip)X

>X.(4.40)

Proof. Using (4.35) and (4.36), we see that G̃T (X) and G̃N (X) are the operators

G̃T (X) : TXStX>X −→ NXSt⊥,E
X>X

X(X>X)−1Ω + ∆ 7−→ βX(X>X)−1Ω(X>X)−1 + ∆(X>X)−1,

G̃N (X) : NXStX>X −→ TXSt⊥,E
X>X

X(X>X)−1S 7−→ βX(X>X)−1S(X>X)−1,

whose inverses are obviously given by (4.37) and (4.38). Inserting these formulas into (4.21) and
item (ii) of Proposition 4.10 yields the result. �

The reader may verify that (4.39) coincide with the formula derived in (Goyens et al., 2025,
eq. (35)). In this latter work, the normal term was considered to be the Euclidean gradient
v(X) = −∇Eψ(X), which corresponds to (4.22) with H(X) = Dc(X)Dc(X)∗,E (item (iii) of
Proposition 4.10).
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